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ABSTRACT   

A numerical inversion scheme for recovering a map of the absolute conductivity from the absorbed power density map 
that is conventionally reconstructed in thermacoustic imaging is described. This offers the prospect of obtaining an 
image that is more closely related to the underlying tissue structure and physiology. The inversion scheme employs a full 
3D full wave model of electromagnetic propagation in tissue which is iteratively fitted to the measured absorbed power 
density map using a simple recursive method. The reconstruction is demonstrated numerically using three examples of 
absorbers of varying geometries, tissue realistic complex permittivity values and noise. In these examples, the 
reconstruction is shown to rapidly converge to within good estimates of the true conductivity in less than 20 iterations.  
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1. INTRODUCTION  
Thermoacoustic imaging is a hybrid imaging modality based on the absorption of short pulses of radio frequency or 
microwave radiation by tissue. This absorption causes a rapid localised increase in pressure which in turn gives rise to 
propagating ultrasound waves. By recording these waves at multiple spatial points over the tissue surface an image of the 
tissue can be reconstructed.  

The interaction between tissue and the incident electromagnetic field is based on the dielectric properties of the tissue: 
specifically, its complex permittivity (ε* = ε′- j ε″). The real part represents an energy storage term while the imaginary 
part represents the total dissipative effects in the tissue and is proportional to the conductivity. A conventional 
thermoacoustic image can, with some assumptions, be taken to represent a map of the power absorbed per unit volume 
which is the product of the tissue conductivity and the square of the magnitude of the electric field. The goal of 
quantitative thermoacoustic imaging is to recover a map of the conductivity from the absorbed power density. This is 
advantageous for two reasons. Firstly, the conductivity is an intrinsic property of the tissue as it is related to ionic 
concentration and thus a closer representation of the tissue constituents than the absorbed power density. Secondly, by 
recovering a map of conductivity, the deleterious effects of the spatial variation of the electric field distribution are 
avoided. This spatial variation is due to several factors. The first is the well-known exponential decay due to attenuation 
as the electromagnetic wave propagates through a lossy medium. The second is the reflection which occurs at the 
interface of tissues with different values of real permittivity, for example at the skin-muscle interface. Another factor is 
the beam spread from the antenna. At microwave frequencies, the size of the antenna is of the order of half a wavelength 
or greater thus dictating the minimum lateral dimensions of the illumination, with the beam diverging with distance from 
the antenna. The final contribution to the spatial variation of the electric field is due to the fact that thermoacoustic 
imaging is almost always performed in the antenna near field where the field distribution varies rapidly with distance, 
especially in the reactive near field. The near field of an antenna which has largest dimension D extends to a distance of 
approximately 2D2/λ away from an antenna, where λ is the wavelength of the microwave excitation. For example, at 
3GHz a typical waveguide antenna used for thermoacoustic imaging has dimensions of 72 by 34mm1 such that its near 
field extends to a distance of 10cm from the antenna. 
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The aim of this work is to recover a map of the conductivity of the tissue by fitting a full wave 3D Electromagnetic 
model of the electric field distribution to the measured absorbed power density using a fixed point iterative scheme. 
Section 2 discusses the dielectric properties of tissues. Section 3.1 describes the forward model used in the inversion 
scheme in order to generate an electric field distribution for a given conductivity distribution. In section 3.2 the method 
of generating simulated measured absorbed power density data is presented and section 3.3 describes the inversion 
scheme used to recover the conductivity from the simulated measured data. Section 4 presents results of a number of 
numerical examples.  

 

2. MICROWAVE-TISSUE INTERACTIONS 
The power absorbed per unit volume Pd in the presence of an applied electric field E is given by 

 
 2' |,(| εσσ EPd =  (1) 

 
where σ is the conductivity and is related to the imaginary part of the complex permittivity of the tissue by the 
expression ε˝ = σ/(ωεo) where ω is the angular frequency and εo is the relative permittivity of free space. In 
thermoacoustic imaging, the reconstructed image is taken to represent Pd assuming an exact reconstruction and a known 
Grueneisen coefficient distribution. 

The dielectric properties of tissue at microwave frequencies are dominated by the relaxation of water molecules which 
have a high value of ε΄. As a result, tissues can be broadly grouped based on their water content, with adipose dominated 
tissue having the lowest ε΄ values. The conductivity of tissue in eqn. 1 is made up of a contribution due to ionic 
conductivity which involves the motion of ions, as well as a contribution from loss due to dipolar rotation which is 
represented by an equivalent conductivity. The values of ε΄ and σ in tissue are therefore frequency as well as temperature 
dependent2. The values of ε΄ and σ for a number of tissues, at 3GHz and room temperature, are tabulated in Table 13 

Table 1.  Dielectric properties of biological tissues at 3GHz. 

Tissue ε′ σ (S/m) 

Physiological fluid  67.8 2.96 

Blood 57.0 3.04 

Muscle 52.0 2.14 

Small Intestine 53.3 3.63 

Tongue 51.8 2.23 

Inflated lung 20.0 0.97 

Breast fat 5.0 0.17 

Air 1.0 0.00 

 
 

The local electric field distribution within tissue is dependent on both ε΄ and σ of surrounding tissue regions. If the ε΄ is 
known and spatially invariant, then the electric field distribution and consequently the absorbed power density is a 
function of the conductivity only. Such an assumption of constant ε΄ is reasonable for a range of high water content 
tissue as tabulated in Table 1. For example when imaging blood vessels a value of ε΄ = 55 for both blood and the smooth 
vascular muscle is reasonable.      
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3. METHOD AND IMPLEMENTATION 
3.1 Forward model 

The forward model is based on a commercial, industry standard electromagnetic solver - CST®. The software solves the 
full vector form of Maxwell’s equations for any arbitrary 3D geometry using the finite element method. This is in 
contrast to the 2D scalar approximations to the Helmholtz equation previously reported7, 8. Such scalar approximations 
are only valid in the far field of the antenna where the E field is essentially planar.  Figure 1 shows a schematic of the 
geometry that was modeled. The antenna radiates into a homogeneous medium usually oil or some matching liquid. The 
absorber are enclosed within a cuboid which is immersed into the oil or matching liquid. In the example shown in figure 
1, two absorbers, one a solid cylinder and the other a rectangular shaped volume, are located within a cuboid which is 
positioned 20 mm away from the aperture of a rectangular waveguide antenna of dimensions of 72 mm by 34 mm. The 
solver uses an adaptive meshing system such that the mesh (Fig. 1C) is refined until convergence (of the scattering 
parameters or of the propagation constant) is reached. Areas with large surface current, small features and high values of 
ε΄ will have a greater mesh density. The maximum element size can be defined, thus allowing the user to effectively vary 
the total number of elements in the mesh. 

Perfectly matched layer (PML) boundaries exist on the outside of the bounding region, such that a wave incident on it 
encounters minimal reflection, thus simulating an open boundary. If the structure is symmetric, a plane of symmetry can 
be used to reduce the computation time. The entire solver is controlled externally from a MATLAB code using a VBA 
based script. 

3.2 Simulated measured data 

To generate a simulated measured absorbed power density map, the forward model is run for a specific distribution of 
absorbers with typical values of conductivity found in high water content tissues. To mitigate against the ‘inverse crime’ 
of using the same model used in the inversion to generate the simulated measured data, a smaller number of mesh 
elements (approx. 50,000) were used when generating the absorbed power density map Pd compared to the 
approximately 150,000 elements used when running the forward model in the inversion scheme. This reduction in the 
number of elements reduces the accuracy of the absorbed power density map and is akin to adding non Gaussian noise to 
it. The resulting SNR ranged from 11dB to 42dB. In addition to the noise due to the reduction in the number of mesh 
elements, Gaussian noise was added to the absorbed power density map where stated in the examples described in 
sections 4.1-4.3. 

3.3 Inversion scheme 

Figure 2 shows a flow chart of the inversion scheme used. This is based on the fixed point iterative method described in 
reference 4. The domain over which we wish to recover quantitative information is the volume of the cuboid which 
contains the absorbers as depicted in figure 1. First, the value of ε΄ throughout this domain is assumed constant and is 
fixed at 55 – this assumption is made in order to ensure a unique solution as the electric field amplitude is a function of 
both ε΄ and σ. The size of this domain was 6 mm by 6mm by 34mm with each voxel being 0.2 mm by 0.2mm by 34mm 
The iteration then begins by setting the σ of all the voxels to zero and running the forward model to obtain the 
distribution of the electric field. A first estimate of the σ of each voxel is then obtained by rearranging eqn. 1 as follows 

 

 
η

σ
+

= 2|| E
Pd  (2) 
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     Figure 1. Schematic showing the geometry and location of the antenna, the sample mesh and the cuboidal region in 
which the absorbers are located – for illustrative purposes a solid cylinder and a rectangular shaped absorber are shown. 

where η is a regularisation parameter and is required to prevent the result from ‘blowing up’ in the areas where the SNR 
is small, albeit at the expense of slower convergence. The value of the conductivity in each voxel is then updated with 
the new estimate and the forward model is re-run. This process is continued until the difference in conductivity between 
successive iterations (i) is less than a tolerance value. The average time taken for a single iteration was one hour on a 
Pentium 4 PC having 2.5GB of RAM. 

 

4. RESULTS AND DISCUSSION 
 
4.1 Example 1  

The first example was chosen to illustrate the ability of the inversion scheme to recover the shape of circular and 
rectangular absorbers. Figure 3A shows the true conductivity distribution. Figure 3B shows the simulated measured 
absorbed power density map (Pd) produced by the conductivity distribution in figure 3A. This absorbed power density 
map (Pd) is before being downsampled onto the coarse voxel size used in the inversion. Note that the direction of the 
incident E field is along the +z axis such that the antenna is located at the bottom of the image. Due to the significant 
spatial variation of the incident field, the contrast distribution in Pd differs significantly from that in Fig. 3A with the 
boundary of the rectangle barely visible and significant contrast variation within the circular absorber. Note also that the 
absorbed power density in figure 3B appears to increase with increasing distance from the antenna. This somewhat 
counter-intuitive observation is due to the reflection arising from the discontinuity between the ε′ of the reconstruction 
domain (55) and that of the oil (2.45) into which the domain is immersed. Added noise is present in Pd due to the 
reduction in the number of elements of the mesh. The map of |E|2 produced at the final iteration is shown in Fig. 3D. The 
recovered conductivity map after 13 iterations is shown in Fig. 3C. This illustrates reasonable agreement with the true 
conductivity distribution in figure 3A. However there is in fact a small discrepancy between the two as illustrated in 
figure 3E which shows a vertical profile at x=0 through the recovered and true conductivity maps. It is clear that the 
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accuracy of the recovered conductivity reduces at locations where the |E| field distribution is low. The convergence of 
the iterations is shown in Fig 3F, where the error is defined as the difference in recovered conductivity for successive 
iterations summed over all the voxels. The pixelation at the edges of the recovered conductivity map presented in Fig. 3C  
of the circle is because the simulated measured data though generated with finer voxels, is downsampled to the coarse 
voxel size used in the inversion  

  

 

 
     Figure 1. Flow chart showing the algorithm of the iterative scheme used for the quantitative thermoacoustic imaging 

4.2 Example 2  

In the previous example, the a priori value of ε′ was correct; that is to say, the value of ε′=55 used as the known fixed 
input parameter in the forward model when run iteratively within the inversion scheme was the same value of ε′ used to 
generate the simulated measured absorbed power density map. In this example, we demonstrate the effect of ε′ used in 
the inversion being different to that used to generate the measured absorbed power density map. The measured absorbed 
power density map was generated for a series of alternating strips of ε′=50 and ε′=58, while the corresponding σ values 
were 2.14 S/m and 2.57 S/m respectively. A control case was done where both strips had the same value of ε′ = 55 and 
the σ unchanged at 2.14 S/m and 2.57 S/m respectively. For both cases, noise was present in the form of the reduced 
number of mesh elements used to generate the simulated measured absorbed power density maps. Also for both cases, 
the incident electric field has the same orientation as in the previous example. The results are presented in Fig. 4. In Fig. 
4A, the true σ distribution is shown while Fig. 4B shows the Pd when the ε′ of both strips is 55. As in the previous 
example, the absorbed power density map (Pd) shown is before downsampling onto the coarse voxels used in the 
iteration The Pd  when the strips have ε′=50 and ε′=58 is not shown but has a similar profile although with different 
amplitudes. The result of the reconstruction of σ after 13 iterations is shown in Fig. 4C for the case when the ε′ of both 
strips is 55. In this case the a priori value of ε′ = 55 used in the inversion is correct. When the absorbers now have ε′ 
values of 50 and 58, the result of the reconstruction of σ is shown in Fig. 4D after 13 iterations. In this case, the a priori 
value of ε′ = 55 used in the inversion is wrong, since the actual ε′ of the absorbers is different. Two vertical slices 
through Fig. 4C and Fig. 4D is shown in Fig. 4E. The maximum deviation of the recovered conductivity from the true 
value occurs in the regions where |E| is low for the two cases. The case where the a priori ε′ value is incorrect shows 
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greater deviation from the true values, the worst case excursion being about 10% from the true value. The latter suggests 
that the inversion may not be excessively sensitive to errors in the a priori ε′ value. 

 

4.3 Example 3  

The absorber distributions in the two previous examples were symmetric about the x axis (in order to reduce the 
computation time) and occupied a significant proportion of the domain under reconstruction. In addition, the only noise 
present was that due to the reduced number of mesh elements in generating the simulated measured Pd map. In the 
current example, the absorber distribution was non symmetric and Gaussian noise was added to the absorbed power 
density map in addition to the non-Gaussian noise due reduction of mesh element when generating Pd. Noise levels of -
40dB, -30dB, -20dB relative to the Pd signal power were added. The resulting SNR ranged from 4dB to 54dB, -0.1dB to 
45.2dB and -3.0dB to 43.9dB respectively for the three cases. The incident field orientation is the same as previous 
examples. The results are presented in Fig. 5, with the absorbed power density map (Pd) is shown before downsampling. 
As expected, as the noise added increases, the recovered σ distribution deviates from the true values. The effect is severe 
in the areas having low |E|.  

 

5. CONCLUSION 
The quantitative reconstruction of the conductivity distribution of absorbers of varying geometries and sizes has been 
demonstrated.  The reconstruction is based on a simple iterative method and requires a priori knowledge of the real part 
of the complex permittivity of the absorber. With certain high water content tissue the assumption of constant real 
permittivity as used here is reasonable. When imaging a mixture of adipose dominated and high water content tissues, 
such an assumption of constant real permittivity is not viable due to the significant variation of real permittivity in such 
tissue. For such situation, by illuminating at two different positions, or frequencies, extra information on the real 
permittivity distribution can be obtained. A similar approach has been implemented in quantitative photoacoustic image 
reconstruction5, 6. 
The quantitative reconstruction method described in this paper has been demonstrated using realistic tissue dielectric 
properties in the presence of both Gaussian and non-Gaussian noise being added to the simulated measured absorbed 
power density map. The inversion is shown to be stable, even if the guess for the real part of permittivity is incorrect but 
within a range of physiological values which the real part of permittivity found in soft tissue can take. 
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     Figure 3. Quantitative reconstruction of absorbers - example 1. (A), true conductivity distribution. σ = 2.57 S/m 
(circle), 2.85 S/m (rectangle), and 2.14 S/m (background). ε′ = 55. (B) ‘measured’ Pd  (mW/cm3) before downsampling. 
(C) recovered conductivity distribution (S/m) after 13 iterations. (D) |E|2 recovered after 13 iterations (E in V/m). (E), 
vertical slice through true (solid line) and recovered (dotted line) conductivity. (F) error values against iteration showing 
convergence. Error defined as the difference in conductivity between successive iterations, summed for all pixels. 
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     Figure 4. Quantitative reconstruction of absorbers – example 2. (A) true conductivity distribution: 2.57 S/m (yellow 
strip) and 2.14 S/m (blue strip). (B) ‘measured’ Pd (mW/cm3) before downsampling when both strips have ε′ = 55. (C) 
recovered conductivity distribution (S/m) after 13 iterations when both strips have ε′ = 55. (D) recovered conductivity 
distribution after 13 iterations when strips have ε′ = 50 and 58 (E) vertical slice through true conductivity (solid), 
recovered conductivity when both strips have same ε′ (diamond) and recovered conductivity when both strips have 
different ε′ (cross).  
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Figure 5. Quantitative reconstruction of absorbers – example 3.  (A) ‘measured’ Pd (mW/cm3) containing only down 
sampling noise before downsampling. (B) conductivity distribution (S/m) recovered from A after 10 iterations. (C) 
‘measured’ Pd before downsampling plus -40dB Gaussian noise power (SNR ranges from 4dB to 54.1dB). (D) 
conductivity distribution (S/m) recovered from C after 10 iterations. (E) ‘measured’ Pd  before downsampling  plus -
30dB Gaussian noise power (SNR ranges from -0.1dB to 45.2dB). (F) conductivity distribution (S/m), recovered from E 
after 10 iterations. (G) ‘measured’ Pd before downsampling plus -20dB Gaussian noise power (SNR ranges from -3.0dB 
to 43.9dB). (H) conductivity distribution (S/m), recovered  
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