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Abstract

The radiative transfer equation (RTE) and its approximations are widely used for describing light propagation in biological tissues.
However, the RTE is valid for media with constant refractive indices, an assumption that does not hold in many practical situations.
Recently three RTEs for media with spatially varying refractive index (RTEvri) have been proposed to eliminate that limitation. In this
paper we test the RTE and the new RTEvris, applying them to solve two problems of geometrical optics with well-known solutions. We
show that only one of those equations gives solutions consistent with the laws of geometrical optics due to its ability to model the effect of
spatially varying refractive index and non-negligible ray divergence. This process allows us to determine which RTEvri provides the best
description of light propagation in turbid media with spatially varying refractive index and a link between the radiative transfer theory
and geometrical optics.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The radiative transfer equation (RTE) has the form (see,
for example, [1–5] and references within them):

n
c

o

ot
Lðr;X; tÞ þX � rrLðr;X; tÞ þ ½laðrÞ þ lsðrÞ�Lðr;X; tÞ

¼ lsðrÞ
Z

4p
hðr;X;X0ÞLðr;X0; tÞdx0 þ eðr;X; tÞ; ð1Þ

where L(r,X, t) is the radiance at a point r = (x1,x2,x3) in a
direction given by the ray unit vector X, n the refractive
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index, c the speed of light in vacuum, la(r) and ls(r)
the absorption and scattering coefficients, respectively,
h(r,X,X 0) the normalized scattering function, e(r,X, t) the
source distribution per unit volume and $r denotes gradi-
ent operator with respect to coordinate r.

The RTE (1) is an energy balance equation whose deri-
vation involves the two following assumptions [5]:

(1) The refractive index of the medium is constant.
(2) The divergence of rays is zero ($r Æ X = 0) everywhere

in the medium.

Nevertheless, the RTE is often applied to situations
where the refractive index cannot be considered to be con-
stant. For example, it is commonly applied to biological
tissues that are composed of several constituent tissue
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types having different values of refractive index [6–10].
The spatial and temporal variation in refractive index is
also likely to be dependent on processes occurring in tis-
sue at a cellular level. Consequently, there is clearly a
practical need for a generalized RTE which can be
applied to media with a spatially varying refractive index,
and it would be likely to find important applications in
the optics of turbid media, and in biomedical optics in
particular.

In 1999 Ferwerda [11] proposed a radiative transfer
equation for media with spatially varying refractive index
(RTEvri), which was later modified by Khan and Jiang
[12] who eliminated a redundant term. The Ferwerda–
Khan–Jiang RTEvri has the form:
nðrÞ
c

o

ot
Lðr;X; tÞ þX � rrLðr;X; tÞ þ ½rr �XðrÞ�Lðr;X; tÞ

þ rr ln nðrÞ � rXLðr;X; tÞ þ ½laðrÞ þ lsðrÞ�Lðr;X; tÞ

¼ lsðrÞ
Z

4p
hðr;X;X0ÞLðr;X0; tÞdx0 þ eðr;X; tÞ; ð2Þ
where n(r) depends on spatial coordinates, $X denotes gra-
dient with respect to unit vector X and the ray divergence is
given by the expression:
rr �XðrÞ ¼ X�1 � rr ln nðrÞ � 3rr ln nðrÞ �XðrÞ; ð3Þ
c ot
where (X1,X2,X3) are the components of the unit vector
X(r) on the coordinate axes and X�1 ¼ ðX�1

1 ;X�1
2 ;X�1

3 Þ.
Note that for media with constant refractive index the
ray divergence (3) equals zero.

Meanwhile, Tualle and Tinet [13] derived a RTEvri with
a different form (the Tualle–Tinet RTEvri):

nðrÞ
c

o

ot
Lðr;X; tÞ þX � rrLðr;X; tÞ � 2½XðrÞ � rr ln nðrÞ�Lðr;X; tÞ

þrr ln nðrÞ � rXLðr;X; tÞ þ ½laðrÞ þ lsðrÞ�Lðr;X; tÞ

¼ lsðrÞ
Z

4p
hðr;X;X0ÞLðr;X0; tÞdx0 þ eðr;X; tÞ: ð4Þ

In their physical model it is explicitly assumed that the
ray divergence is zero everywhere [13]. Shendeleva [14]
derived a RTEvri identical to the Tualle–Tinet RTEvri
implicitly assuming that the ray divergence is zero.

Another RTEvri was derived by Martı́-López et al.
[15,16]. The Martı́–Bouza–Hebden–Arridge–Martı́nez
RTEvri has the form of the Ferwerda–Khan–Jiang RTEvri
(2), but uses a different expression for the ray divergence. It
is derived using the relationship between the unit vector
X(r) and the eikonal of geometrical optics K(r) [17]:

XðrÞ ¼ rrKðrÞ
nðrÞ : ð5Þ

Substituting expression (5) into the ray divergence we ob-
tain their expression for the ray divergence:
rr �XðrÞ ¼ rr �
rrKðrÞ

nðrÞ

¼ r
2
r KðrÞ
nðrÞ þ rrKðrÞ � rr

1

nðrÞ ; ð6Þ

¼ r
2
r KðrÞ
nðrÞ �XðrÞ � rr ln nðrÞ: ð7Þ

Using a different physical model, Premaratne et al. [18]
derived another RTEvri (the Premaratne–Premaratne–
Lowery RTEvri):

nðrÞ
c

o

ot
Lðr;X; tÞ þX � rrLðr;X; tÞ þ ½rr �XðrÞ�Lðr;X; tÞ

� 2½XðrÞ � rr ln nðrÞ�Lðr;X; tÞ þ rr ln nðrÞ � rXLðr;X; tÞ
þ ½laðrÞ þ lsðrÞ�Lðr;X; tÞ

¼ lsðrÞ
Z

4p
hðr;X;X0ÞLðr;X0; tÞdx0 þ eðr;X; tÞ; ð8Þ

where the ray divergence is assumed to be [19]

rr �XðrÞ ¼
1

R1ðrÞ
þ 1

R2ðrÞ
; ð9Þ

where R1(r) and R2(r) are the principal radii of curvature of
the wavefronts [19].

It is obviously desirable to determine which of these
alternative radiative transfer equations gives the best
description of light propagation in turbid media with spa-
tially varying refractive index. An evaluation method we
propose is to employ them to solve problems of light prop-
agation with well-known solutions, where we assume that a
correct RTEvri will retrieve those solutions.

The purpose of this paper is to test the RTE, the
Ferwerda–Khan–Jiang RTEvri, the Tualle–Tinet RTEvri,
the Martı́–Bouza–Hebden–Arridge–Martı́nez RTEvri and
the Premaratne–Premaratne–Lowery RTEvri for a non-
absorbing non-scattering isotropic medium (la(r) =
ls(r) = 0) where the laws of geometrical optics apply, such
as the inverse square law and the law of the ratio of irradi-
ances at any two points of a ray. We show that only one of
the radiative transfer equations is consistent with these
laws. This paper generalizes results reported in a previous
paper [16], since validates the terms of the Martı́–Bouza–
Hebden–Arridge–Martı́nez RTEvri involving the gradient
of refractive index $rn(r) and includes the study of the Pre-
maratne–Premaratne–Lowery RTEvri.
2. Laws of geometrical optics for testing radiative transfer

equations

It is immediately evident that the RTE, the Ferwerda–
Khan–Jiang RTEvri, the Tualle–Tinet RTEvri, the Martı́–
Bouza–Hebden–Arridge-Martı́nez RTEvri and the Pre-
maratne–Premaratne–Lowery RTEvri have four identical
terms as follows:

nðrÞ o
Lðr;X; tÞ; ð10Þ
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Fig. 1. Ray and wavefronts.
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½laðrÞ þ lsðrÞ�Lðr;X; tÞ; ð11Þ

lsðrÞ
Z

4p
hðr;X;X0ÞLðr;X0; tÞdx0; ð12Þ

eðr;X; tÞ; ð13Þ
and that they differ in the terms related to the gradient of
refractive index $rn(r), the unit vector X and its
divergence:

rr ln nðrÞ � rXLðr;X; tÞ; ð14Þ
½XðrÞ � rr ln nðrÞ�Lðr;X; tÞ; ð15Þ
½rr �XðrÞ�Lðr;X; tÞ: ð16Þ

Therefore, to compare the above equations, we need to
select problems involving non-zero ray divergences and
non-zero gradients of refractive index with well-known
solutions. Those problems need not involve absorption
and scattering effects because all the equations have identi-
cal terms for describing them.

Let us consider a case where la(r) = ls(r) = 0 and which
is time-independent. Thus the terms (10)–(12) of above
equations vanish and the resulting equations should
describe light propagation in non-absorbing, non-scatter-
ing, isotropic media. Therefore the solutions to the correct
RTEvri must yield well-known irradiance laws of geomet-
rical optics [16].

Two suitable problems for comparing the RTEvris are
the calculation of the irradiance emitted by a time-inde-
pendent isotropic point source, and the calculation of
the ratio of irradiances at two points of a ray, both of
which governed by well-known laws of geometrical optics
[17]. These laws are now briefly discussed in the following
sections.

2.1. The inverse square law

Let us consider a time-independent isotropic point
source located at the coordinate origin in a non-absorbing
non-scattering isotropic infinite medium of constant refrac-
tive index. For such a source the eikonal K(r), the unit vec-
tor of rays X(r), the ray divergence $r Æ X(r) and the
irradiance I(r) are

KðrÞ ¼ nr; ð17Þ

XðrÞ ¼ rrKðrÞ
jrrKðrÞj

¼ r̂; ð18Þ

rr �XðrÞ ¼
2

r
6¼ 0; ð19Þ

IðrÞ ¼ constant

r2
; ð20Þ

where r = jrj and r̂ ¼ r=jrj.
Eq. (20) is the well-known inverse square law of geomet-

rical optics [17]. Although deriving the inverse square law
(20) from the various RTEvri expressions enables them
to be tested for the correctness of the treatment of ray
divergence, this will not test how useful they are for han-
dling refractive index gradients.
2.2. The law of the ratio of irradiances at any two points of a

ray

Let us consider now the time-independent propagation
of light in a non-absorbing, non-scattering, isotropic med-
ium with spatially varying refractive index. The ray trajec-
tory is described by the expression:

r ¼ RðsÞ; ð21Þ
where s is the arc length.

For that ray the law of the ratio of irradiances at any
two points of a ray holds as follows [17]:

I2

I1

¼ n2

n1

exp �
Z s2

s1

r2
r KðsÞ
nðsÞ ds

� �
; ð22Þ

where I1 = I(r1), I2 = I(r2) are the irradiances at the points
r1 and r2 of the ray, respectively, n1 = n(r1), n2 = n(r2),
r1 = R(s1), r2 = R(s2), ds is the differential of arc along
the ray trajectory, (see Fig. 1) and the integral is calculated
along the ray trajectory.

Deriving the law of the ratio of irradiances at any two
points of a ray (22) from the RTEvris allows them to be
tested for the treatment of the ray divergence and the treat-
ment of refractive index gradients. Note also that the
inverse square law is a particular case of the law of the ratio
of irradiances at two points of a ray [17].

3. Testing with the inverse square law

3.1. Testing the RTE, the Ferwerda–Khan–Jiang RTEvri

and the Tualle–Tinet RTEvri

In a non-absorbing non-scattering homogeneous infinite
medium with a time-independent isotropic point source
located at the origin of coordinates the RTE, the Fer-
werda–Khan–Jiang RTEvri and the Tualle–Tinet RTEvri
are reduced to the equation:

X � rrLðr;XÞ ¼ eðrÞ; ð23Þ
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where

eðrÞ ¼ P 0

4p
dðrÞ; ð24Þ

and P0 > 0, d(r) are the radiant flux (power) and the Dirac
d function, respectively.

Now we expand the radiance L(r,X) in a series of spher-
ical harmonics of the form:

Lðr;XÞ ¼ 1

4p
IðrÞ þ 3

4p
X � JðrÞ þ Rnðr;XÞ; ð25Þ

where I(r) and J(r) are the irradiance and the radiant
current density vector, respectively, defined by the
expressions:

IðrÞ ¼
Z

4p
Lðr;XÞdx; ð26Þ

JðrÞ ¼
Z

4p
XðrÞLðr;XÞdx; ð27Þ

and Rn(r,X) represents all the orthogonal terms of higher
order.

Substituting expression (25) into Eq. (23), multiplying
the resulting equation by unit vector X and integrating
over 4p sr we obtain:

1

4p

Z
4p

X½X � rrIðrÞ�dxþ 3

4p

Z
4p

XfX � rr½X � JðrÞ�gdx

þ
Z

4p
X½X � rrRnðr;XÞ�dx ¼

Z
4p

XeðrÞdx: ð28Þ

Applying the following identities [1]:Z
4p

Xdx ¼ 0; ð29Þ
Z

4p
X½X � A�dx ¼ 4p

3
A; ð30Þ

and the orthogonal properties of the spherical harmonics
series to Eq. (28) we obtain:

1

3
rrIðrÞ ¼ 0) IðrÞ ¼ C: ð31Þ

where C is an arbitrary constant.
Therefore, the inverse square law (20) cannot be derived

from the RTE, the Ferwerda–Khan–Jiang RTEvri or the
Tualle–Tinet RTEvri.

However, it should be pointed out that an inverse
square law for the radiant current density vector can be
derived from those equations. To demonstrate that, we
can add the term [$r Æ X(r)]L(r,X) to the left hand side
of expression (23). This does not affect expression (23)
because for the RTE, the Ferwerda–Khan–Jiang RTEvri
and the Tualle–Tinet RTEvri the ray divergence is
$r Æ X(r) = 0. Substituting expression (24) and vector
identity X Æ $rL(r ,X) + [$r Æ X(r)]L(r,X) = $r Æ [X(r)L(r,X)]
into Eq. (23) we obtain:

rr � ½XðrÞLðr;XÞ� ¼
P 0

4p
dðrÞ: ð32Þ
Integrating Eq. (32) over a sphere of radius r centered at
the coordinate origin and applying the Gauss theorem we
obtain:Z

S
½XðrÞLðr;XÞ� � dS ¼ P 0

4p
; ð33Þ

where S denotes the parametric expression of the surface of
the sphere and dS is a differential element of the surface
oriented outwards.

Integrating Eq. (33) over 4p sr we obtain:Z
S

JðrÞ � dS ¼ P 0: ð34Þ

From the symmetrical properties of this problem we ob-
serve that J(r)""dS and jJ(r)j = J(r) = constant on the sur-
face S. Applying these properties to Eq. (34) and after
simple transformations we obtain:

JðrÞ ¼ P 0

4pr2
r̂: ð35Þ

The above expression (35) is the inverse square law for the
radiant current density vector.

3.2. Testing the Martı́–Bouza–Hebden–Arridge–Martı́nez
RTEvri

In a non-absorbing, non-scattering, homogeneous infi-
nite medium with a time-independent isotropic point
source located at the coordinate origin the Martı́–Bouza–
Hebden–Arridge–Martı́nez RTEvri transforms into the
equation:

X � rrLðr;XÞ þ ½rr �X�Lðr;XÞ ¼ eðrÞ; ð36Þ
where e(r) is given by expression (24) and the ray diver-
gence $r Æ X by expression (19).

Now we apply the same procedures we employed earlier
to obtain expressions (31) and (35). This yields

1

3
rrIðrÞ ¼ �

2

r
JðrÞ; ð37Þ

JðrÞ ¼ P 0

4pr2
r̂: ð38Þ

Substituting Eq. (38) into Eq. (37), applying the symmetri-
cal properties to the resulting equation and rewriting it in
spherical coordinates we obtain:

d

dr
IðrÞ ¼ � 3P 0

2pr3
; ð39Þ

The solution to this elementary differential equation is

IðrÞ ¼ 3P 0

4pr2
þ C; ð40Þ

where C is a constant.
The condition that the irradiance approaches zero as r

approaches infinity requires that C = 0. Thus we obtain:

IðrÞ ¼ 3P 0

4pr2
; ð41Þ



48 L. Martı́-López et al. / Optics Communications 266 (2006) 44–49
which is consistent with the inverse square law (20).
Note that for the Martı́-Bouza–Hebden–Arridge–Martı́-

nez RTEvri the expressions Eqs. (32)–(35) also hold. There-
fore, the inverse square law for the radiant current density
vector can also be derived from the Martı́–Bouza–Hebden–
Arridge–Martı́nez RTEvri.

3.3. Testing the Premaratne–Premaratne–Lowery RTEvri

Premaratne et al. [18] assumed that in a medium of con-
stant refractive index the wavefronts are always plane sur-
faces. Therefore, the ray divergence is zero ($r Æ X = 0), the
Premaratne–Premaratne–Lowery RTEvri reduces to the
form shown in Eq. (23) and the inverse square law cannot
be derived from the Premaratne–Premaratne–Lowery
RTEvri (see Section 3.1). This result is not a consequence
of an incorrect expression for the ray divergence, but due
to the assumption of plane waves propagating in the
homogenous medium. To prove that, we can consider
wavefronts emerging from an isotropic point source in
homogeneous medium as spherical surfaces with principal
curvature radii:

R1ðrÞ ¼ R2ðrÞ ¼ r: ð42Þ

Substituting the expression (42) into the ray divergence (9)
we obtain:

rr �X ¼
2

r
: ð43Þ

Note that the above expression is identical to Eq. (19), as
we should expect. Repeating the same procedure employed
to obtain expressions Eqs. (38) and (41), we can show that
the inverse square law can be derived from the Premar-
atne–Premaratne–Lowery RTEvri.
4. Testing with the law of the ratio of irradiances at two

points of a ray

4.1. Testing the RTE, the Ferwerda–Khan–Jiang RTEvri

and the Tualle–Tinet RTEvri

Since the inverse square law cannot be derived from the
RTE, the Ferwerda–Khan–Jiang RTEvri or the Tualle–
Tinet RTEvri, it follows that none of these can be used
to derive the more general law.

4.2. Testing the Martı́-Bouza–Hebden–Arridge–Martı́nez

RTEvri

In a non-absorbing, non-scattering, isotropic non-
homogeneous medium, with no source the time-indepen-
dent Martı́–Bouza–Hebden–Arridge–Martı́nez RTEvri
has the following the form:

X � rrLðr;XÞ þ ½rr �X�Lðr;XÞ þ rr ln nðrÞ � rXLðr;XÞ ¼ 0;

ð44Þ
Substituting expression (6) into Eq. (44) and arranging the
resulting equation we obtain:

rrKðrÞ
nðrÞ �rr

Lðr;XÞ
nðrÞ þrX

Lðr;XÞ
nðrÞ �

rrnðrÞ
nðrÞ ¼�

r2
r KðrÞ

n2ðrÞ Lðr;XÞ;

ð45Þ
Now we apply Eq. (45) along the ray trajectory r = R(s) be-
tween the wavefronts K(r) = D and K(r) = D + dD, where
D is a real number and dD a differential increment (see
Fig. 1). Along the ray trajectory the following formulae
hold:

rrKðrÞ
nðrÞ ¼

dr

ds
; ð46Þ

rX
Lðr;XÞ

nðrÞ �
rrnðrÞ

nðrÞ ¼ rX
Lðr;XÞ

nðrÞ �
dX
ds

; ð47Þ

Identity (46) derives from the general properties of rays and
wavefronts [17] and identity (47) from the properties of
operator $X [12]. Substituting formulae (46) and (47) into
Eq. (45) and using the chain rule we obtain:

rr

Lðr;XÞ
nðrÞ �

dr

ds
þrX

Lðr;XÞ
nðrÞ �

dX
ds
¼ d

ds
Lðr;XÞ

nðrÞ

) d

ds
Lðr;XÞ

nðrÞ ¼ �
r2

r KðrÞ
n2ðrÞ Lðr;XÞ; ð48Þ

Integrating Eq. (48) over 4p sr we obtain:

d

ds
IðsÞ
nðsÞ ¼ �

r2
r KðsÞ

n2ðsÞ IðsÞ ð49Þ

) d

ds
ln

IðsÞ
nðsÞ

� �
¼ �r

2
r KðsÞ
nðsÞ ; ð50Þ

where I(s) = I[R(s)], n[R(s)] = n(s) and K[R(s)] = K(s).
A further integration of expression (50) along the ray

trajectory yields:

ln
Iðs2Þ
nðs2Þ

� �
� ln

Iðs1Þ
nðs1Þ

� �
¼
Z s2

s1

�r
2
r KðsÞ
nðsÞ ds: ð51Þ

After a simple transformation of Eq. (51) we can obtain
expression (22). Therefore, the law of the ratio of irradi-
ances at two points of a ray can be derived from the Mar-
tı́–Bouza–Hebden–Arridge–Martı́nez RTEvri.

4.3. Testing the Premaratne–Premaratne–Lowery RTEvri

In a non-absorbing, non-scattering, isotropic non-
homogeneous medium with no source, the time-indepen-
dent Premaratne–Premaratne–Lowery RTEvri adopts the
form:

X � rrLðr;XÞþ ½rr �XðrÞ�Lðr;XÞ� 2½XðrÞ �rr ln nðrÞ�Lðr;XÞ
þrr ln nðrÞ �rXLðr;XÞ ¼ 0; ð52Þ

where the ray divergence is given by expression (9).
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From a comparison between expression (52) and expres-
sion (44) it is evident that the former has an additional term
�2[X(r) Æ $r lnn(r)]L(r,X), which does not allow the law of
the ratio of irradiances at two points of a ray (22) to be
derived.

5. Conclusion

We demonstrated that the inverse square law of geomet-
rical optics cannot be derived from the RTE, the Fer-
werda–Khan–Jiang RTEvri or the Tualle–Tinet RTEvri.
In contrast, it can be derived from the Martı́-Bouza–Heb-
den–Arridge–Martı́nez RTEvri or the Premaratne–Premar-
atne–Lowery RTEvri. This is due to the ability of the latter
equations to accommodate the ray divergence $r Æ X(r) and
confirms an earlier result [16]. We also demonstrated that
the law of the ratio of irradiances at two points of a ray
can be derived from the Martı́–Bouza–Hebden–Arridge–
Martı́nez RTEvri. Therefore, the Martı́–Bouza–Hebden–
Arridge–Martı́nez RTEvri not only correctly models the
ray divergence, but also the effect of gradients of refractive
index.

The significance of our result is manifold. First, it pro-
vides further support to the hypothesis that the failure of
the diffusion equation (DE) in the vicinity of an isotropic
point source can be interpreted as due to an inherent
assumption of zero ray divergence in the RTE, a condition
that is not met within that region [16]. Second, in the so-
called void regions, where the scattering coefficient is small
and the RTE and the DE fail, other models of light prop-
agation as the hybrid radiosity-diffusion theory, have been
proposed [20,21]. In this regard the Martı́–Bouza–Hebden–
Arridge–Martı́nez RTEvri (or derived equations) could be
an alternative to the radiosity-diffusion theory, with the
advantage that the former is linked with geometrical optics.
For the first time, we present an analytical model which can
accommodate the fundamental principles of both radiative
transfer theory and geometrical optics.
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