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Abstract. We present a review of methods for the forward and inverse problems in optical
tomography. We limit ourselves to the highly scattering case found in applications in medical
imaging, and to the problem of absorption and scattering reconstruction. We discuss the derivation
of the diffusion approximation and other simplifications of the full transport problem. We develop
sensitivity relations in both the continuous and discrete case with special concentration on the use
of the finite element method. A classification of algorithms is presented, and some suggestions for
open problems to be addressed in future research are made.

This article features multimedia enhancements available from the abstract page in the online
journal; seeattp://www.iop.org.

1. Introduction

Optical tomography has come to mean the use of low-energy visible or near infra-red light to
probe highly scattering media, in order to derive qualitative or quantitative images of the optical
properties of these media. Of the potential applications, the one that has received a great deal of
attention is medical imaging, where optical tomography is hoped to be a low-cost alternative or
complement to existing medical imaging technology, with the particular advantage of providing
functionalas opposed to anatomical information. The name is something of a misnomer since
the term already exists to describe the use of light to image fast phenomena in non-scattering
regions such as gas combustion (see, for example, [1, 2]).

In experimental systems, light is guided by fibre optics to the surface of the subject and
detecting fibres are used to measure the transilluminated light. Thus the inverse problem is
one of the recovery of coefficients in a domain from data on its boundary, and in many aspects
can be considered to be similar to other well-developed fields of research. There are several
aspects of the problem however, that make it unusual, and provide a potentially rich set of
research topics:

e The data can be acquired either as time-varying intensities giving the system response to an
ultra-short input pulse, or as steady-state complex intensity with measureable amplitude
and phase. Because there is a high degree of control available over the distribution in
space and time (or frequency and phase) of the sources, there is the potential to design
optimal acquisition systems in a realizable fashion.

e The forward problem can be interpreted in a variety of ways, either as a particle or wave
phenomenon. In the latter framework, the governing equations can actually be set up
in any of a continuum of models that range from a transport model at one extreme to a
parabolic (or elliptic) partial differential equation at the other extreme.
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Table 1. Definition of variables.

Quantity Meaning Dimension
r position vector (L,L,L)
m measurement position vector constrained to a (L,L,L)
surfaced 2
v outward normal to boundary
vy tangent vector on boundary
sin® cosy
5= ( sin® sing ) unit vector ins” 1
cosy
P(r, 8,1) number of photons per unit volume at position L3
at timer with velocity in directions
s(r) scattering cross section at positien L1
a(r) absorption cross section at position L1
i (r) = pus(r) + ua(r)  transport cross section at positign Lt
c velocity of light LT 1
cq(r,8,1) number of photons per unit volume per unittime L3171
sourced at position at timer with velocity in
directions
0@, by =0@- b normalized phase function representing the
probability of scattering from directioa to
directiond
X = (,ua/K)% effective cross section L1
1
X (w) = (%“/')2 complex effective cross section L1

Special functions:
Y1m(3)

spherical harmonic ordérdegreen

P (x) associated Legendre polynomial ordelegreen

Pi(x) Legendre polynomial ordér

Qi(x) Legendre polynomial of the second kind, order

K(x) modified Bessel function of the second kind

k(x) modified spherical Bessel function of the second kind
B(n+1) Gamma function

Miscellaneous:
(n) _ n!
r) = rl(n—r)!

binomial coefficient

Table 2. Definition of operators.

Operator  Meaning Mapping

P; projection operator for source X@ x®y vy

P; Fréchet derivative oP; X@ xby 5y

P} Frechet derivative of; X@ XDy 5 (X@ Xy Yy

M; discrete measurement at points ~ R? — RMj
{m;},j=1...M; for sourcej

S spatial filter on boundary Q2 > R

T temporal filter operator [or] - R

& DC intensity measurement operator , 10 — R

o Avariety of different coefficients can be considered in the inverse problem, and the degree
to which any of these are significant appears to be critical in interpreting the usefulness
of the results.

In respect of the last point, we limit ourselves in this paper primarily to the problem
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we have called ‘optical absorption and scattering tomography’ (OAST). A related problem is

the concept of ‘fluoresence lifetime imaging’ (FLI). Here sources are applied at one optical

wavelength (stimulation wavelengih) and the resulting field excites a contrast agent with
quantum efficiencyf to a metastable state, which produces emission at another wavelength

A2 as a Poisson process with time-constanT he source for the second process is therefore

the field from the first process convolved with an exponential decay (in the time domain) or

scaled by a Lorentzian-like function (in the frequency domain) [3]. The forward and inverse
problems for this case can be formulated in a broadly similar way with an increase in the
number of coefficients to be recovered at each point. The formal aspects of this problem have
received less attention than OAST, and are left out of the current discussion.

One of the most confusing aspects of optical tomography is as to the appropriate range
of coefficients that define the ‘operating point’ of interest. Light in tissue is not only heavily
scattered but also attenuated. Therefore the degree of signal realistically obtainable varies
by orders of magnitude if the operating point is changed. Furthermore, except in lossless or
weakly absorbing applications the dynamic range of the data on the boundary is so large that
data acquisition methods have special difficulty in developing an equivalent signal amplitude
at all measurement positions. Figure 1 shows a schematic representation of the ranges of
interest of the two main applications, breast imaging and brain imaging, together with some
of the values used in reported results. Results presented in this paper are given for parameters
relevant to brain imaging. Note that the mammography application has a lower degree of both
scattering and attenuation which make it in some ways more tractable.

We may define three types of problem:

(i) Relative or difference imaging: here data is assumed to be available in two sets with
some state difference of significance having taken place between their acquisition.
The reconstruction sought is dynamicone and may be approximated by a linear
representation.

(i) Absolute imaging: here it is assumed that only one set of data is available but that
enough information is available, for example by calibration, to allow a model to be fitted
nonlinearly.

(iii) Imaging without amplitude information: here it is not assumed that absolute numbers of
photons can be determined, only their relative numbers at different spatial, frequency, or
temporal windows.

These three types of problem are of increasing difficulty and results need to be setin the context

of which problem is being addressed.

In this paper we summarize the theoretical approaches to the inverse problem. The aspects
of instrumentation and physical modelling are very complex and have been surveyed recently
in other papers [4,5]. Clinical applications have also been the subject of some recent very
good reviews [6]. The reader is encouraged to refer to these papers to appreciate a wider
understanding of the technical difficulties and potential applications.

The paperis organized as follows. In section 2 we make some general definitions about the
operators and spaces being employed and define notation. In section 3 we discuss in detail the
derivation of various approximations to the transport problem. This sectionis largely bookwork
and can be omitted if the reader is already familiar with the assumptions. In section 4 we define
the forward problem and in section 5 define the sensitivity relations in both direct and adjoint
forms. In section 6 we describe computational methods, in particular the finite element and
finite difference schemes. Insection 7 we give the equivalent sensitivity relations in the discrete
framework. In section 8 we discuss some aspects of uniqueness and illposedness. In section 9
we summarize the reconstruction algorithms that have been reported. In section 10 we present
some conclusions and suggestions for future work.
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Figure 1. Range of optical properties of tissues of interest and operating point of reported imaging

1
results. Abscissa and ordinate axes(atgl)% and(u’sd)? respectively wheré is the size of the
object being reconstructed ada, us) are the absorption and (reduced) scattering coefficients.

1
Curved lines are of consta(yiau’s)f d and represent approximately equal attenuation, at intervals
of powers of 10. Dotted circles represent approximate values for tissues given in the literature [7-9].
v [8,10], A [11-13],¢ [14], (D [15-18],O [19].

2. Formulation of the problem

OAST is an example of an inverse problem over two independent spa¥&s, X)),
illustrated in figure 2. In this framework we will be able to identify both titmsport problem
based on the Boltzmann equation, anddifusion problenbased on the simplest non-trivial
approximation in spherical harmonics of the Boltzmann equation. In the fokmehr) are
the absorption coefficient, and scattering coefficients, respectively. In the latter is the
same absorption coefficient butan be interpreted in a variety of ways of which the diffusion
coefficientx is the most usual.

Let © be the domain under consideration, with surfa€e We will define theforward
problemas

Given source$g} on a2 and(a, b) € (X@(Q), X®(Q)) find the datgy} on3<2,
and theinverse problenas
Given source$q} on a2 and datgy} ond, find (a, b) € (X9 (Q), X (Q)).

ConsiderS source positiong; € 9Q (j = 1...S) and M; measurement positions
m;,; € dSQ for the jth source { = 1...M;), resulting in a total number of measurements
Mror = Zf:l M;, with Myn;9 < Mror distinct measurement positions. The forward
problem is nonlinear and is represented by

7 = Pla. b]. (2.1)
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Figure 2. Spaces and operators used in optical tomography (based on figure 3.1 in [87]).
(X@ X®)y are the solution spaces, Q is the space of sources, G is the space of solutions to
the governing equation, < are the data space§.is the Green function operating on a source,
andM, are the measurement operators, operating on the solutions to the governing equation to give
the data.P is the forward operator that maps the solution directly to the data. For completeness,
the operatof¢* is defined as the Dirichlet-to-Neumann map for data tyg.

Under the usual assumptions of a system corrupted by multivariate Gaussian noise, and
a maximum-likelihood approach to the solution, we may define the inverse problem as the
optimization of an objective function

1_21_ Zz(yﬂ Lol “) (2.2)

j=1i=1
which we write in vector form as

= @G-F) R2Gj-F)=1b'b (2.3)

wherey;; is the data for théth measurement from sourgewith standard deviation; ;,
F; ; is the modelled data for this source-detector Jaji[a, b] = P;(m;)[a, b]is the scalar
operator mappingX @, X ) to F; ; at positionm; ;, andb,;; = o }(y;;— Fj.;) is theresidual
datafor this measurement. We use subscripted veajors’;, o ; to represent all the relevant
quantities for a single sourge ThusP;[a, b]is theprojection operator; : (X, X®)) — Y
for sourceyj, F; is theprojection dateobtained by sampling; at the measurement positions
{mj’]_, m;o.. .mj,Mj}, andbj = R;l(yj — Fj)

We usey, F, B, as the total vectors, lengtf7 o7, and? as the combined projection
operator for all sources.

Y1 F by P1
Y2 F, b> P

g=| | F=|"|; b=|" | P= (2.4)
Ys Fy by Ps

R is the data-space correlation matrix, which we here take to be
R = diag(Rl, Ry, ...Ry) = diag(al,l, 01,2, ---0jis--- O—S,MS)~ (25)
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We will assume thatX @, X®) = (L>°(Q), L*()), which restricts: andb to be within
strictly positive lower and upper bounds. Inthe transport problem G is taken fq@ed.S" 1)
in the frequency domain and'{( x §"~* x [0, T1) in the time domain, but in the diffusion
problem the question of what space to use has not been resolved and is an important topic for
further research. In the closest analogous problem of electrical impedance tomography (EIT),
it is usually considered to be a Sobolev spacesty with Q = H%(Q) and Y = H*%(Q).
Note that we use the term ‘Dirichlet-to-Neumann’ operator for the mapping from Q to Y by
analogy with the literature on PDEs [20], although this is certainly a misnomer since it is more
typical to use interior sources and Robin boundary conditions for this problem.

For FLI, the corresponding forward problem is

Given sourcegg} on a2, (a(r1), b(r1)), (a(r2), b(ro)) € (XD (), XP(Q)) and f, T in L
find the datdy(r1)}, {y(A2)} on9oL,

and the inverse problem is in the most general form

Given source$q} on 92 and datgy(i1)}, {y(r2)} on a2,
find (a(A1), b(r1), a(r2), b(X2)) € X (Q), X®(Q)) andf, T in Q.

In fact the general inverse problem is usually simplified by assuming several of the coefficients
known, typically(a(r1), b(A1), a(r2), b(X2)) and/ort.

3. Photon transport models

The Boltzmann transport equation is written as

time domain:

(%% +5.V+ m(r)) P(r,8,1) = pus(r) s O5-8)p(r,8,1)ds' +q(r,5,1)  (3.1)
frequency domain:

<'?w +5.-V+ Mtr(T)) P(r, 8, w) = pus(r) /S ) Q- 8)p(r, 8, w)ds +q(r,5,w). (3.2)

In the following we will alternate between the time and frequency domain representations as

convenient, with the parameternr o being sufficient to identify which is being used, and
making use of the relation

9 & i

—_— w.

ot

Two derived quantities that are of interest are

photon density O(r, 1) =/ ¢(r,s,1)ds (3.3)
Sn—l

photon current J(r, 1) =/ s¢(r,s,r)ds (3.4)
Sn—l

which define theneasurablegsee section 4).

3.1. ThePy approximations

The Py approximations are obtained by spherical harmonic expansion of the quantitiesin (3.1).
Relevant properties of spherical harmonics are summarized in the appendix. We express the
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quantities in (3.1) as

R o L /o +1\2 X
A EDY Z( 4; ) Yim (Y, (3) (3.5)
I m=-—I
R o L /o +1\2 X
q(T» S, t):Z Z( 4;: > 6]1,m(7“,t)Y1,m(3) (36)
1 =—1

where the normalization facta2! + 1)/47)Y/? is introduced for convenience. The phase
function can also be expressed, using (A.3), as:

O@-8) = Z (21—”> @, P,(cost)

; 4
00 !
=YD O, (3.7)
I m=-I
From (3.3) and (3.4) it follows that
O(r, 1) = Yoo(r, 1) (3.8)
and

WL ) = Ya(r. 1)

T(r,0) = | F5W1oa(r 1) +Yra(r, 1) |- (3.9)

Vao(r, 1)

Equation (3.1) now becomes

19 o0 20 +1\?
<;§ + ,u,tr(’l‘)) Z l < ) I/fl,m(’r’ t)Yl.m(é)
!

47
+

~
+
=

M- 1t7-

2A+1\? 3
( 2 ) S - Vl/fl,m('ry I)Yl,m(s)
T
1

> ®1Y,Tm<§/>Y1,m<§>>
=—I

m=—
1

Lo 21+1)\2 A\
> ) Vi (7, 1) Y1 (3 )) ds

20 +1\?
< 4 > QI,m(rvt)Yl,m(g)- (310)
T

By taking the inner product withy, () the terms in (3.10) decouple with the exception of
the transport ternd - V, which requires the use of the recurrence relations (A.5)—(A.7). After
some algebra we obtain the infinite set of coupled equations

10
(—— + Mtr(r)> Vim(r, 1) +

(ai[(z +1—m)2 (L +1+m)? Yragm(r, 1)
Z

c ot 20+1
+ (L —m)z (L +m)2 Yy_1(r, )]
Lo 2 1+ %l+ 1%
3 (a—la) [A+m)z (I +m—1)2 Y1 ,_1(r, 1)

— (U =m+27 (I —m+ 1) Ypagma(r, 0]
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1/0 0

-5 (a +I—> [—d —m)2 (I—m-— 1)2 Vi1 mer(r, 1)

+(+m+ 17 +m+ 2 Ve mea (T, l)])
= us(r)O Yy (r, 1) + g (7, 1). (3.11)

The Py approximation is obtained by assumitg,, = 0,/ > N, giving rise to(N + 1)2
coupled first-order PDEs in the general case.

3.2. P; approximation

For theN = 1 case we obtain four equations

10 d
<Z& + Mtr(r)> Yoo(r, 1) + —1//1,0(7’, f+ Ta—(llfl —a(r, 1) — Y, 1))
f 3y (wl —1(r, 1) +Y1a(r, 1)) = pus(r)Botoo(r, 1) +go,0(r, 1) (3.12)
10 19
<ZB_ Mtr(r)> Yro(r, 1) + égllfo.o(ﬂ 1) = us(r)O1¥10(r, t) + gro(r, 1) (3.13)
19 V2 (3
<—— Mtr(T)) Yr,a(r, 1) + — (— + l—) Yo.o(r, 1)
cod 6 \ox
= ps(r)O1yny, a(r, 1) + g1, _1(r, 1) (3.14)
19 V2 (8
<—a—t + Mtr(r)) Yra(r, 1) — 5 (5 - —) Yo,0(r, 1)
= pus(r)O1¥1(r, 1) + q1a(r, 1). (3.15)
We make use of the relations (3.8) and (3.9) to arrive at
10
(;5 + ,U«tr("')) O(r, 1)+ V- J(r,t) = us(r)®(r, t) + Oogo,o(r, t) (3.16)
10 1
<Ea_t + Mtr(r)) J(r, 1)+ §Vd>(r, 1) = Orus(r)J(r, 1) +q1 (3.17)
where
% (g1 D) = qra(r, 1)
qi(r,t) = /1 5q(r,5,1)ds = ﬁz (qr-1(r, 1) + q1a(7, 1)) (3.18)
q1,0(r, 1)
If we now make the definitions
isotropic source: 40 = 40.0, (3.19)
transport coefficent: U = Ma+ Us, (3.20)
reduced scattering coefficient: ;= (1 — O1)pus, (3.21)
diffusion coefficient: K= ; (3.22)
3(pa+ 1y
and using the fact th&, = 1 we get the more common form
1
(_83 + Ma(r)) S, 1)+ V- J(r, 1) =qo(r, 1) (3.23)
c

10 1 1
(C ot 3/c(r)> T+ évq)(r’ = q. (3.24)
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3.3. Diffusion approximation

The diffusion approximation results from making the assumptions:
aJ

i 0 q=0 (3.25)
from which (3.24) gives
J(r,t) = —k(r)VO(r,t) (3.26)
leading to
1900
VYOG 1)+ e, 1)+ T o ) (3.27)
C
with the frequency-domain form
=V k(@P)VO(r, w) + ua®(r, w) + Iﬁ@(r, w) = qo(r, o). (3.28)
c

The assumption thak = 0 is clearly erroneous in the time-dependent case, but is usually
justified by specifying the conditiop, <« ;. Another possibility is to assume thdtis
dominated by an exponentially decaying term with time constant

J(r, 1) =e M, (3.29)
Then (3.26) becomes
A-3kNJ(r, t) = —kVO(r, 1) (3.30)
leading to
K 1

K=

- 3.31
1— 3  3(uatul—n) (3.31)

in place of (3.22). Yamada [21] has argued that 1, which is consistent with the long time
limit observation of an exponentially decaying solution and leads to

1
3y’

(3.32)

K=

3.4. Telegraph equation

The telegraph equation arises if we attempt to elimifatef from (3.23) and (3.24). Taking
the divergence of the second equation we obtain

19V-J J\ 1,
+V.| — +§V¢:V'ql

c 0t 3k
which leads to
190 1 J-Vk 1
 + V. T T +IV2D=V.q. 3.33
<c ot 3/() 2 3 o (3:39)

SubstitutingV - J from (3.23) leads to

3 0 100 J.-V
<—K— + 1> <q0 — a® — —¥> — £ 4 v20 = 3V . q1.  (3.34)
C K

In the casec = constant, the ternf - Vk = 0 and we have the homogeneous telegraph
equation:

3¢ . 1 .
Zd+ = Bepat D) D+ pad — V2D = S (3.35)
C C
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where
$1= g0+ 2o~ 3V - qr (3.36)
Alternatively, an inhomogeneous equation can be obtained if we use (3.26):
i—';éb+%(3m3+ DD +pa®—V-kVD =5y, (3.37)

3.5. Boundary conditions and source terms

3.5.1. Boundary conditions.The boundary condition in the transport equation specifies that
no photons travel in an inward direction at the boundary, except for source terms
¢(m,s,1)=0 for -0 <0 (3.38)

wherer is the outer normal to2 atm. The diffusion equation cannot satisfy this condition
exactly. Instead we assume that th&al inward directed current is zero

/ 3¢(m,s,t)ds =0 (3.39)
5-0<0
which leads to the Robin condition [22]
®(m) + 2 (m) 8(138(7") —0. (3.40)
%

To incorporate diffuse boundary reflection arising from a refractive index mismatch
betweert2 and the surrounding medium, (3.39) is modified to

/ sp(m. 3.1 ds = f SR(B)p(m. 5. 1) &5 (3.41)
s-v<0 5.0>0

whereR(s) is a directionally varying refraction parameter. In the diffusion approximation this
becomes [23]

®(m) + 2 (m) 8<I>a(‘jn) R [cb(m) — 2(m) aq;(:n) ] (3.42)
which we rearrange as
& (m) + 24k (m) 2 2™ _ o (3.43)

av
whereA = (1+R)/(1 — R). Discussion of the precise value #fto use has been the subject
of several studies [24, 25] and is often justified by comparison with experimental or Monte
Carlo data [26, 27].

3.5.2. Source conditions.A collimated source incident at € 92 is commonly represented
by a diffuse point source

qo(r) = 8(r —ry) (3.44)

wherer; is located at a depth of one scattering length below the surface. This arises as the
mean survival depth of an exponentially decaying line source, where photons travelling in a
direction—v travel a distance with survival probabilityP (z) = e #r* (see [22] section 9.3).
Analytic solutions for the exponentially decaying line source, including a spatial
distribution over the surface, were developed by Eastoal [28], and were included in a
finite element model by Paulse al [29]. Schweigeret al [27] investigated several source
models in the finite element method, including the specification of the source as a Dirichlet or
Neumann boundary condition.
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An anisotropic source may also be included by putting, in place of (3.26)
J(r, t) =3k (r)qi(r,t) — k(r)VO(r, 1) (3.45)
leading to
go(r, 1) = qo(r, 1) — 3V - k(r)qu(r, 1). (3.46)
Although studies reveal a degree of sensitivity to the source model, the majority of authors

use the form (3.44). In the inverse problem the niceties of this term are often removed by using
either relative intensity data or normalized measurements (see section 4.2).

3.6. Translation to Helmholtz form

Equation (3.28) can be converted to Helmholtz form. We make the change of variables
U = k2 ®, by which (3.28) becomes

—KkV2D(w) — 2%2VKE - VO () + pad () + i?“’@(w) = go(w). (3.47)
Using

VU = k2V2P + 2VD - V2 + OV 2
leads to

—V2U () + (@)U (@) = q"K(—“’) (3.48)

wheren(w) = ng + iwé with

V21 1
no=( ’f)+&‘ £=— (3.49)

K2 K cK

The Helmholtz form allows the problem to be related to inverse scattering problems in
diffraction tomography, and to make statements about uniqueness, which we return to in
section 8.

3.7. Py approximation to higher order

A frequently asked question is as to why the diffusion approximation is considered
adequate. In the time domain it is particularly unsatisfactory that the Green function of the
diffusion approximation is causal (in opposition to the fundamental time-reversibility of light
propagation) and in violation of relativity (sources of photons give rise to photon densities
instantaneously). Some insight into this question is given by considering cases wherein the
higher-order solutions are known.

The transport equation in spherical polar coordinates, assuming spherical symmetry
is [24,30]

19
(—— + Mtr(r)> o, T, 1)+,

8¢(r9 trvt) + 1_‘[;«2 8¢)(I", Tr’t)
r

c ot r 0T,

= ps(r) 0(5-8)¢(r, 1/, 1)ds" +q(r, 7., 1) (3.50)
Sn—l
wherer, = § - 7 is the cosine of the angle between the radial position vector and the velocity
direction. Then in place of (3.5) we have

o0

20+1
6.0 =3 =y Pz (351)

= 4
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which leads, in place of (3.11), to the coupled system

10 0 n+2
(2 +1) (—— + pa(r) +(1— ®I),U«s(r)) Yi(r, ) + (I +1) (— + —) Ve (r, 1)
c ot ar r
B -1
+ <_8 _n > Yia(r, 1) = qu(r, 1). (3.52)
r r

Converting to the frequency domain, the eigenfunctions of this system lead to the general
solution [30]

Yi(r, @) =y AjH O )k ki Our) (3.53)
J

wherek;(z) = (n/(Zz))% KH% (z) is the modified spherical Bessel function of the second kind.
The eigenvalues; (w) are the roots of the secular equation

eo(w) A 0 0 0 0

A 3¢1(w) 2\ 0 0 0

0 2\ 5¢(w) 30 0 0

0 oo .. (N=DA (2N —Dey_1(w) NA

0 0 NA (2N + ey (w)
=0 (3.54)
where
19)

€(w) = pat (-0 us+ ? (3.55)

The eigenfunctiond?;(A) depend on the phase functiéhand satisfy a recurrence relation
(see [30], section 17.5.2)

2+1
(I+DHpa(M) +

/() H (W) +1H_10) = 0 (3.56)

from which
Ho(h) =1
3.57
Hi() = _612@)' (3.57)
Note thatin the isotropic case tigfunctions are linear combinations of Legendre polynomials
of the first and second kind.
In particular, using (3.57), and(z) = exp(—z)/z leads to

e*)\.j((l))r
O(r,0) = Yolr,w) = ) | Aj— (3.58)
J
A —a1(@) (20 (@)
J(r, w) = sy (r, w) = Xj: A‘j% < 7jrrw ) K3 (A (w)r). (3.59)

Equation (3.58) agrees with [31]. Calculation)gf(w) requires the values @;; these
are known for both Mie scattering kernel [32], and the Henyey—Greenstein phase function [33]
OG-8 =0(1) 1-© (3.60)
§-8) = Tg) = = = . .
) 2(1+02 — 201)%2
For illustration we follow [31] and use (3.60) for whiéh = ©'. The distribution of. ; (w)
are shown for different orders of thig, approximation, for typicalic,, us, ®, w) parameters
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in figure 3. The first important characteristic is that successive eigenvalues are much larger
than the lowest so that these terms decay extremely quickly with distance from the source.
Of more importance is that the lowest eigenvalue in each successive approximation is very
similar. Boas [31] argues tha@} is adequate whenever

1086061
35 €2€3

which is the case for most applications in optical tomography. Note that the assumption here
is that the powers ab” for n > 1 are ignored. Fishkiet al [34] give an argument that these
higher powers of frequency, which are the imaginary parts of the roots of the secular equation,
are negligible for typical optical parameters.

In the time domain, the Fourier transform of (3.58) for the lowest order eigenvalue gives
the Green function of (3.35) in infinite space. This was given by [35] as

(3.61)

3 - e—K+Cl 1

@) V3 — ik (? = 17)?) t >t
grel (r. 10, 1) = § 4k (12 — 12)? (3.62)

0 t <t

where | is a modified Bessel function of the first kind and
1+3 3(r —
oo = E3pa VB0 (3.63)
6« c

The observation that the imaginary parts of the higher eigenfunctions decay rapidly is
consistent with saying that the higher-order derivatives in the time domain are transient. In
figure 4 we plot the discrepency between the telegraph and diffusion Green functions as a
fraction of the peak intensity. The difference is negligible apart from a small time interval
around the delayed timg = r/c where the first photons arrive.

3.8. The Boltzmann hierarchy
An alternative to the?y approach was developed by Kaltenbach and Kaschke [35]. Here the
moments of in (3.1) are defined:
" (r, 1) = / "¢ (r, 5,1)ds (3.64)
Su—l

wheres®" is thenth outer product of unit vecta¥ with itself. Clearly
=1=9¢%=9
==V =y

with ¢ defined similarly to givey® = go andg™ = q;. The second order tensg?? can
be written as the sum of a diagonal and a zero-trace tensor

§2=3@5=355"+1s%2 (3.65)
where
Yoo O 0
882 = Van < 0 Yoo O )
0 0 Yoo
7 \/%(Yz,—z +Y22) — Y20 i\/%(Yz,—z - Y22) \/%(YZ.—l -Y21) (3.66)
N T
5682 = 5 —i\/%(—Yz,—z +Y22) —\/%(Yz.—z +Y22) — §%20 i\/%(YZ,—l +Y21)

\/%(YZ,—l -Y21) i\/%()’z—l +Y21) Y20
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Roots of Pn secular equation
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Figure 3. Real and imaginary parts of the roots of the secular equation (3.54) for the case
ta=0.025mn !, us=20mnl, & = 0.9, w = 1 GHz.
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[Diffusicn - Telagraph ) /Pealk

3000

Figure 4. (ggli’f? (r,t) — g%) (r, t))/MaX[gE)?ﬂ) (r, t)] plotted against distance and time for the case

pa=0.025mnTL, ul =2mm1

We have

Tr5%2 = (4m)2Y¥p0 = 1 Tro@ = ¢© (3.67)
so we may define another zero-trace tensor

¢ =@ — Ls®2, (3.68)

The integral over the phase function in (3.64) couples all spherical harmonics of the same
order to the same coefficient, and sirﬁ% contains spherical harmonics of order two only,
we can separate terms

/ §®2/ OG-8)p(r,s8,1)ds' ds = / §6®2/ OG- 8)(r, &, 1) d3 ds
sn—1 sn—1 i1 g1

+§/ 5®2/ O -8)p(r, §,1)ds ds
Sn—l Sn—l

= O (r. 1) + 3009 (r, 1)6%?
= @20@(r, 1) + 109 — ©2)¢ @ (r, 1)5%2. (3.69)
Note that all tensors are symmetric with respect to any permutation of indices and that we
have
ad ad
V-as®? = —ap, i 8k = —aisiy. k.0, = Va.
8xk ! axk

This leads to the first three equations in the Boltzmann hierarchy in the form given by
Kaltenbach and Kaschke [35]

10
(37 +ma) 00+ 709 = O (3.70)

10 1
<E§ +a* (L- @Ws) P VOV g =g (3.71)
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19 1
(;5 tuat (1= @2)Ms> 9@+ 3 (02— O usp@8%2+ V- ¢ = ¢ (3.72)

The Boltzmann hierarchy is different froiy in that thenth-order term contains terms
in derivatives of orden + 1. Furthermore, higher-order terms decouple in more complex way
due to mixing of lower-order harmonics, with the general term of the form

139 ln/2]
<—— +pat (1— ®n>us> ¢ + Y (O, — Oy 2,)usB T (91, D)
c ot m=1 -
®8®2m +V . d)(n+1) — q(n) (373)

whereB™ is ann-rank tensor. Although an elegant representation this scheme has not been
developed beyond the formal results of [35].

3.9. Limitations of the diffusion approximation

Apart from pua & pg there are two main problems in using the diffusion approximation,
namely clear regions and jumps. {f consists of piecewise continuous regions then the
boundary conditions of the transport equation cannot be exactly met at the interfaces [30, 36].
In these circumstances higher-order approximations need to be employed. Hietsligr]

have used a numerical method for the transport equation to compare the forward solution with
a diffusion model in a piecewise continuous model of the brain.

A different, more serious problem is non-scattering regions. Some results for this case
are given by Davison [30], section 8.6. Most numerical solutions to the transport equation,
apart from Monte Carlo, cannot deal with this case, so special methods need to be developed.
Firbank et al [38] developed a method for solving the diffusion equation iteratively with
radiative propagation in gaps. Comparison with Monte Carlo methods and experimental
phantom results show that this is a stable approach [39].

4. The forward problem

4.1. Diffusion model

We combine (3.28) and (3.43) to give

—V  k(P)VO(r, w) + na(r)®(r, w) + IECD(T, w) = qo(r, w), (4.1a)
C
®(m, ) + ZAK(m)w —0, (4.1b)
v
with the time-domain form
=V k(@P)VO(r,t) + pa(r)®(r, t) + }3(1);7;, 2 = qo(r, 1), (4.2a)
C
®(m, 1)+ 2AK(m)M =0, (4.20)

Equations (4.1) and (4.2) can be formally solved by applying the appropriate Green
operators

G(r, )[qo] = / GP(r, v, w)qo(r', w) d"r (4.3)
Q

G(r, Hlqo] = / / g, vt —1)go(r, t)d"r dr’. (4.4)
—00 JQ



Topical review R57

4.2. Measurement types

The boundary quantity that is measureable (the exitance) can be defined
dd(m)

T(m) = B[®] = —k (m) =0 J(m). (4.5)

Equation (4.5) combined with the Robin boundary conditiontfat (4.2b) gives the simpler
form
I'(m) = {P(m) (4.6)

where¢ = 1/2A. Both I'(w) and I'(z) have been discussed as the measurement type
appropriate for reconstruction. We may also define

DC intensity: MEg[lM] = / I't)dt =T(w=0)2E, 4.7)

AC intensity: MEew[TT = T (w)], (4.8)

log intensity: Mioge[I'] = log[I'], 4.9
. _ M) M)

modulation depth: Ma[l] = rw=0_ & (4.10)

phase: My[I'] = argl (w). (4.12)

Note that we formally consider the argument to the operator it(besince we can obtain
I'(w) by Fourier transform, e.g.

Ma[T(@)] = MAF[T )]

Consider a general spatial-temporal filter operator acting on the measureable

Ah[r]é/ /h(r,t)r(r,t)d"*lﬁldt
—00 J IR

- f / e o) 0Dty = aB0] = Bl (412)
—00 JAQ v
If h(r,t) is separabléi(r,t) = p(r)w(t) then we can define spatial operator with
general form

S, = / p()T(r,nd 1o, (4.13)
Q2
and atemporaloperator7Z,, with general form
7l = [ wore.nd (4.19)

with A =78 = S7T.
Formally we define the DC measurement operator as the temporal integral with weight
unity
E2 T = M. (4.15)

A much discussed data type is then the time-gated intensity, achieved w(gis a
top-hat function

1 forT, <t < T,

4.16
0 otherwise ( )

W(T,, Ty) = {
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which leads to two data types, according as whefhes set to zero

T
early light: Mem[I] = / (1) dt, (4.17)
0
T
windowed light: Mg, mIl] = / (7)) dr. (4.18)
Tn
4.2.1. Measurements of integral transform typ&or temporal filters of the form
w(t) = At"e™ ¢!

the measurement can be derived directly (i.e. without explicitly findiig). This filter
contains in the general form four special cases

Fourier transform: n=0, ¢imaginary (4.19)
Mellin transform: ninteget ¢ =0 (4.20)
Laplace transform: n=0, c¢real (4.22)
Mellin—Laplace transform: ninteger ¢ real (4.22)

For types (4.21) and (4.22) the filter is integrable and can be normalized

Laplace transform: w(t) =se"’ (4.23)
n+l

Mellin—Laplace transform: 1) = t"e ! 4.24

p w(t) = 5 n D (4.24)

whereB(n + 1) is a Gamma function. To derive the direct results, we make use of the relation
o0 . 8}1 o0 . )

a™(s) & / e () dr = |"—/ e @y de| . (4.25)

oo " J_ w0

Then consider

{—v k()Y + (,ua(r) +34 'ﬁ)} ®(r, @ — is) = golr, ) (4.26)
c C
which has the solution
D (r,w—is) = G(w — is)[qo(r, w — is)]. (4.27)
Differentiating both sides of (4.26) gives
H:—V ck(r)V + <Ma(7“) +24 Iﬁ>:| ii — 1-} D(r,w—is) = iiqo(r, ) (4.28)
c c dw ¢ dw
which is solved by
90T @19 _ sy is) |:}<I>(r, w— i)+ 24T @ = 15) 'S)} . (4.29)
ow c ow

Iterating this procedure and evaluating:at= O leads to
% (s) = G(s)[gol

™ (s) = G(s) [gé(”_l)(S) +9(()n)] (4.30)

whereG(s) = G(—is) is the Laplace-domain Green operator. In the case whgre is a
8-function in time, we have

o I ro n
37 (s) =2 [66)] Taol. (4.31)
C
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4.2.2. Self-normalized measurement type&n important type of measurement operator is
one that isself-normalized
- T

T = = (4.32)
Examples are
1 T
normalized early light: Mg [T@)] = / I'(t)de, 4.33
y lig Eml ] o] Jo ( )
1 o0
tht | t: n[T = — "T'(¢) dr, 4.34
nth temporal momen My [T(®)] EIT 0] [wt (t)dr ( )
l o0
th tral t: rm] = — (tH"T(¢) dr, 4.35
nth central momen M [T(0)] BIN0) [w(t (t)"T(t)dt (4.35)
1 o0
normalized Laplace transform: Mg [T'(1)] = E[F(r)]/ se T (¢) dt, (4.36)
normalized Mellin—-Laplace transform:
— 1 *© Sn+1 n—St
MuLnglT @] = Er 0] f_oo Bn+ 1)t e 'I'(¢) dr. (4.37)

4.3. Other data types

The datatypes given above are all functionals of the exitance (4.5). As we will show in section 5
these functionals are differentiable in theeEhet sense, and therefore admit of iterative
reconstruction algorithms. However, there are other approaches such as the logarithmic slope
of the temporal decay df, the peak intensity, and the zero-crossings of the phase of a dipole
like source (known as the ‘anti-phase’ measurement).

One possibility that has received some attention is the ustitieof parametedata types.
The idea is to derive from the data a projectegand/oru; measurement by nonlinear fitting
the given data to a known solution such as the infinite space Green function [14]. It is then
argued that the data represents a Fredholm integral equation with a kernel that may be derived
by simple arguments. For example, for DC intensity data the Green function is

1
exp(— (42)? |r — rol)
|7 — 7ol

Therefore the difference of the ldgydata type between two stat@s,, k) and(iia, ) is taken
to be

G (r, rg) = (4.38)

logE® (d) ~ (x — %)d = / K@, d)xe)dr’ (4.39)
Q
where
_ (Ma):
x = ( - ) (4.40)

andK (r', d) is a generalized weight kernel. This very simple idea has been used to derive a
backprojection-style reconstruction algorithm [40]. More generally it is hoped to derive

Ha ?ittedd = /Q K, (', d)ypa(r’) d'r’
I ?ittedd = /s; K, (', dypg(r’) d'r'.

For example Benaroet al fitted 14 to the logarithmic slope of the temporal decay and used
backprojection onto a curvilinear basis [41].

(4.41)
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180

Figure 5. Model for figures 6-9.

4.4, What does the data look like?

Some data types are illustrated in figures 6-9. The case illustrated is a circle radius 25 mm
with pa = 0.025 mnT?, s = 2 mm1, shown in figure 5, containing an off-centre circular
region2,, radius 3.125 mm. We show in each case the change in measuremétt,a® g

map over the angular position of the source and detector, separately for the cas@whease

an absorption perturbatigih, = 2u, Or a scatter perturbatiofls = 2us. The maps in this

form are the equivalent of sinograms in conventional x-ray CT.

Figure 6 shows a set of gated temporal averages of width 200 ps from times 0-2000 ps.
Eachimage is seperately normalized and is shown on alog scale. Note that for longer times, the
backscattered signal is negligible, and therefore the data at angles close to the source, defined
by |9, — ¥,| < 20°, has been reset to zero. The feature of interest is the increasing width of
the perturbing signal with later times. Figure 7 shows the same cases fog pfegturbation.

Note that the form of the data is very similar suggesting that absorption and scattering objects
have a broadly similar effect. Some differences can be seen close to the source and at longer
times, where the effect of the scatterer has locally increased the signal intensity, whereas it is
always decreased for an absorber. Figures 8 and 9 show the equivalent maps for frequency
domain and normalized integral transform domain data for a variety of cases. The features of
interest are the extent to which thg and s perturbations give rise to different effects in the

data. Note in particular that the real part of the complex intensity has the same sign for both
absorber and scatterer, whereas the imaginary parts have opposite sign. This sign change is
also seen in the DC intensity and mean time maps.

Choice of appropriate measurement depends on robustness of the experimental
measurements with respect to systematic errors such as fluctuations of the source power,
detector sensitivity, or fibre coupling losses, the ability of the forward model to generate the
corresponding data efficiently, and the relation to stability and nonlinearity of the inverse
problem. Some of these aspects are dealt with in later sections, and in other publications
[42,43].
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rll xdispunc ¥4.3 (XV) Display

File: diff_rmua_gate_all_T.unc Slices: 1 to9 of 9

Figure 6. Successive time gates of intervals of 200 ps of the perturbed temporai data I' (r)

on acircle radius 25 mm with, = 0.025 mnT?, 1 = 2 mm~! separately normalized and shown
on a log scale. Perturbation j&. Abscissa is the detector positidy), and the ordinate is the
source positior,. For angless,, — ¢,| < 20° the data is set to zero, giving rise to the diagonal
stripe in each image.

[M] An animated GIF of this figure is available from the article’s abstract page in the online journal;
seehttp://www.iop.org.

5. Sensitivity relations—continuous case

5.1. Reciprocity theorem for the Boltzmann equation

A standard reciprocity theorem for the Boltzmann equation is given in Case and Zweifel [24],
section 2.7:

G (r, 3,70, 50) = G (o, —80; T, —3) (5.1)

which states that the angular density-ah directions due to a source af in directionsg is
the same as the angular density@in direction—sg due to a source atin direction—s. By
integrating (5.1) ove§, we obtain

G (r, 8; qo(r0)) = G'® (ro; 7, —3) (5.2)
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J_.Ll sdispunc V4.3 (XV) Display

| File: diff_mus_gate_all_T.unc Slices: 1 to 9 of 9

Figure 7. As figure 6, for theu perturbation.

[M] An animated GIF of this figure is available from the article’s abstract page in the online journal;
seehttp://www.iop.org.

which states that the angular density-ah directions due to a point isotropic source & is
the same as the photon density-gtiue to a source atin direction—s.

These basic relations give rise to the adjoint formulation of the sensitivity relations for
the Boltzmann equation, which we return to in section 5.6. First we will derive these relations
directly for the diffusion equation.

5.2. Diffusion model

We will develop the sensitivity relations in the frequency domain and obtain the other domains
by transformation. We define the operators

Daplu] = {—V -bV + (a + I?a)) } u (5.3)
D) [u]l = {=V - bV +ad}u. (5.4)
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{Lﬂ xdispunc ¥4.3 (V) Display

.

A \

File: diff_mua_types_all.unc Slices: 1 to 12 of 12

Figure 8. Comparison of datay, perturbation: real and imaginary parts of BglogE, (t),
(3), ¢2, 3, L(s = 0.001), L(s = 0.01), ML(s = 0.002n = 1), ML(s = 0.002n = 5),
ML(s =0.0004 n =1).

5.2.1. Directform. Let® beasolutionto (4.1), forthe parametéus, ), and letd = d+d?
be the solution for the same source, but a different set of param@tgrg) where

fla = Ma+ kK=x+p. (5.5)
By expansion and elimination of second-order terms we have
Dy [®°(r, 0)] = =D) 4[D(r, w)] (5.6)

which we can express as

—V  k(r)VO(r, w) + (,ua(r) + '?“’) D (r,w) = V- Br)VO(r, w) — a(r)®(r, w)

(5.7a)
§
90 (m, ) _ (5.70)
av

where the Robin boundary condition is the same asbf4.Equation (5.7) can be formally
solved by applying the Green operatpwhich leads to

P’ (r, w) = —GD), 4[]

@ (m, ) + 24k (m)
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ri‘ #dispunc ¥4.3 (XV) Display

; File: diff_mus_types_all.unc Slices: 1 to 12 of 12

Figure 9. As figure 8, for theu perturbation.

= —G[{~V - BV +a()}0(r, »)]
=/Kﬂwnwﬂmmumeﬂ—Mwwmﬂwnmﬂ. (5.8)
Q

Applying the divergence theorem and insisting thto = O vyields the Born
approximation
O’ (r, w) = — f [BEHYV, GO (7, @) - V@, 0) +a(r)GP (r, 7, ) (', @)] d"r.
Q
(5.9)
Of particular interest is the change in measurement

s (o) _ _ ID+DY) 9D
Do (ﬂ) = Dpgraicep = Dpore = = +'B)3—v +Ka—v. (5.10)

If we again apply the condition th@l;, = 0 then

RIoX
e (%)= I, 5.11
(1) -
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Applying the measurement operaidto (5.9) gives

L (Z) (m,w) = — / BV, GV (m, v, ) - V, D (', )
Q

+a(r )G (m, v, 0)®(r', w)]d"7. (5.12)

The equivalent forms in the time domain are obtained by Fourier transform:

e (Z) 0= _/ / [BaHVgM(m, v 1) - V@t — 1)
—o0 JQ

+a(r)g " (m, v 1P, t — )] d"r dr. (5.13)

5.2.2. Adjoint form. Let ® be the solution to (4.1) for a sourgeand let¥ be a solution to
theadjoint problem
—V - k(r)VV¥(r, w) + pa(r)¥(r, o) — Ii)\ll(’r, w) =0, (5.1%)
Cc

v (m, w) _

V(m, w) + 2Ax(m) q" (m, w), (5.1%)

whereg * is a ‘Robin source’ 0@ (not an internal source). We make use of the relation, for
any functions:, w
V.&uVw) =uV - (&Vw)+xVu-Vw (5.15)

whence, by the divergence theorem

a
/—uV-KVw :/ —u/c—w+/ kVu - Vw. (5.16)
Q 2 v Jo

Consider the integral of the left-hand side in @&:7

/ v [—v - kV + <Ma+ 'ﬁ) @5} d'r
Q Cc
= </ @ [—v <k VW + (Ma— 9) \p} d"’r>
Q C

oW Blok
+ / Pk —Ure— a7, (5.17)
I av av

The first term on the right is zero by (5844 The second term is simplified by applying
the Robin boundary condition (oyfor ®°:

ow* BIoR AP\ dw* RIoR
/ O—— — U e— | d* =/ k|| —2Ak — —yr— | a1,
30 ov ov 90 ov ov av

dP? dW*
=/ —k— [ 24k + 0t a1
I av av

:/ q+* l—wi dn_llA/J_ (5.18)
Q2

where we used the boundary condition (hjltbr W.
Applying the divergence theorem the right-hand side ofdpbgdives the adjoint form of
(5.12):

f g™ ("‘) d”—lm=—/ BY U* .V +a W*dd'r.  (5.19)
FI?) =\ B Q
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X X
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t t

Figure 10. Feynman diagram for the direct (left) and adjoint (right) form.

If we now specify thatg * is as-function atmy, then the surface integral on the left in
(5.19) ‘picks out’ the measurement at that point only, gnis an adjoint Green functio6';’
with the property:

ng)*(r’, mo, ®) = GV (g, 7', ®) (5.20)

where the subscripR indicates that the-function source is Robin rather than the more
usual Dirichlet or Neumann source. Equation (5.20) is the diffusion model equivalent of the
reciprocity relations of the Boltzmann equation (5.2).

In the time domain we obtain by Fourier transform:

/ / q* (=T, (“) (t—tHd o, dr
—00 J O ’ ﬁ
= / /[a\IJ(—t’)GD(t — )+ BVY(=t) - VO (¢ —t)]d"rdt (5.21)
—o00 JQ
whereW (¢) is a solution of the backward time-diffusion equation

=V k(P)V¥(r,t) + pa(r)¥(r,t) — %%\I—’(r, t) =0, (5.22)

0W(m, 1)
ov o
Specifyingg * = 8(mg)s(10) gives rise to the adjoint Green functigfi”’ with the property:

W(m, 1) + 24k (m) gt (r, 1), (5.2%)

ggb)(r,’ mo, Ip — t) = g(r) (m07 T’/, r— IO) (523)
The Feynman diagram for (5.13) becomes the interaction of a forward and backward propagator

as shown in figure 10.
5.3. Functional forms
If the source term is &-function atrg, then we arrive at a functional form
®(r, 70, ) = / BV, GD .7, w) - VGO 70, )
Q
+a (PGP (r, 7, 0)G® (v, 7o, w)] d"r'. (5.24)

The functional form of (5.12) is

L (Z) (m, mo, w) = — / BV, GV (m, 7', 0) - V.G @, o, )
Q

+a(rGD (m, v, )G ', o, w)] A"’ (5.25)
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which in the time domain is

T <a> (m,ro, 1) = — f o / B)VgW (m, v, 1)) - Vg ro, t — 1)
Q

B
+a(r) gD (m, v, gD (', ro, t — )] d"r . (5.26)
Since (5.12) is linear in botla and 8 we can define the Echet derivatives
al'(m, w) _

=V, GV, 7, 0) - V. o0, w)
ap(r) (5.27)
o' (m, w) ) , , '
—=—-G"'(m, 7, 0)® (', w)
da(r’)
with the time-domain form defined similarly from (5.13). If we assumefanction source
we obtain the functional forms:
P (m. 1 ro, ) = V.GV (m, v, ) - VeGP (', o, w) (5.28)
oL (m, 7', mo, 0) = =GV (m, 7, )GV (', 7o, ). '

5.4. Other measurement types

The fundamental forms fob?® act as generating forms for the sensitivity relations for other
measurement types. We can distinguish:

functional transformations: ~ M¢[®] = f(®) = M{[®] = f/(d)P°, (5.29)

integral transformations: 7, [®] = / w(t)®(t) dt = T[®] = T, [D°], (5.30)

normalized integral transformations:

- [Lwn®@md 1 5 51

T[0] = 22— = T[®] = ———(T,[®°] — E[D°] T, [®)). 5.31
0] = = (9] = 5157 (Tul @] = 11Tl @] (5.31)

Some important forms arise directly:
Equation (5.29) withf = log gives the Rytov approximation

-1
/ BV, GO (m, v, w) - V. D@, w)
['(m, o) Jo

+a(r) G (m, v, 0) O (', w)]d"r’ (5.32)
with the time-domain form

= /00 /[ﬂ(r/)v/g(r)(m v, 1)V, d@ t — 1)
'm,t) J_» Ja " T " ’

+a(r) gD (m, v, O, t — )] d" dr. (5.33)

Note that (5.33) is not the Fourier transform of (5.32).
Equation (5.30) withv = " exp(—st) gives

I (m, 5) = - /Q [ﬂ(ﬂ); (:)

onn ) 9" .
X1V, GO, v, w—is)) -V, | — @@, 0 —is)
dw" " "

+a(r') i (:,)
n'=1

gn—n' . a" .
X GO (m, v, w—is) || — @, 0 —is)
dw" " "

IogF‘s (m, w) =

logT'® (m, 1) =

’

' (5.34)
w=0
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with the normalized form

Fon' (m,s) = _—1[f<">3 (m,s) —T'®(m,s) E® (m)] (5.35)
E(m)

whereE (m) = I'(m, 0) is the DC measurement, arit® (m) = I'® (m, 0) is the respective
Fréechet derivative.

Application of this procedure to the case whdrés a Green function leads to a variety
of functional forms for thephoton measurement density functigR8/1DFs) in extension of
(5.28). For special cases such as infinite space, half spaces and slabs, the Green function can
be given explicitly which allows closed forms of the PMDFs to be tabulated [44].

5.5. Other parameter bases

We have developed the PMDFs in the,, «) form. Itis simple to obtain these in other forms
using the following relations:

d 8 k0 400 530
dua  Opa  Opa dk dua ok
B (5.37)
dul  ouldk Ak
d%s = g—/’:a%s = -3 - Gh)% (5.38)
This leads to

(as LY O = V¥ O -V Y. VD

pu, = =3V W*. VO (5.39)
(Ka, ts): Pua = WP -3’V U . VD

Pue = —3(1 — OV W* . V. (5.40)

5.6. Sensitivity relations for the Boltzmann equation

In place of (4.5) we have

['(m) = Bl¢] = / w(8)s¢p(m, 8)ds (5.41)

-5>0

wherew(3) is a weighting term for the angular intensity. We define the operators
Laplp(r. 3, w)] = {s -V 4+ (a(r) +b(r) + Iﬁ) } P (r, 5, w)
C
—b(r) O+ 8)¢(r, §, w)ds (5.42)
Sn—l

Lo plp(r, 8, )] = {a(r) +b(r)}$(r, 5, ®) — b(?")/ O -3N¢(r, 8", w)ds'. (5.43)
sn—1

5.6.1. Directform. Let¢ be asolutionto (3.2), for the parameténs, is), and leip = ¢+¢°
be the solution for the same source, but a different set of paramgtgrgs) where

fla= pat fs = st y. (5.44)
The equivalent of (5.6) is
Ly ueld’(r. 3. 0)] = =L [¢(r. 3, o). (5.45)
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5.6.2. Adjoint form. The equivalent to (5.19) is given by (Dorn [45])

/{;Q W*anqus (;./[) dn_lal
:// [_aw*qsw w(/ @(é-éwdé’—qs)}déd"r (5.46)
Q Jsn1 N

whereys is a solution to the adjoint transport problem

<_I?w —5-V+ ,utr(r)) v(r, 8, w) — us(r) OG-8y (r, §,w)ds =0, (5.47a)
Su—l

Y(r, 8w =qg'(r w) on I x{v-s>0}. (5.4M)

5.7. Discussion

Sensitivity relations in various forms have been developed many times, in the majority of
treatments only for the absorption term. The form (5.26) was presented by AetiddL1]

and the general framework of PMDFs by Arridge [44,46]. The absorption term in (5.26) was
derived by Schotlandt al[47] by taking the first term in the Feynman path integral expression
for the Hamiltonian operator. Ferg al [48] derived the absorption term in (5.25) by taking
the limiting value of the exact perturbed intensity of a spherical inhomogeneity as the radius
of the inhomogeneity reduced to zero. Sewtlal [49] derived the absorption term in (5.25)
using a Monte Carlo argument. Equation (5.40) was derived from the Boltzmann equation
directly by Changet al[50] using an adjoint transport source.

The absorption term in (5.33) is what Schotlagtdal [47] termed the ‘photon hitting
density’. Arridge et al [51] compared reconstruction from intensity and log intensity
measurements and found the latter provided considerable improvement. This was later
confirmed by O’Learyet al [10] who pointed out that the logarithmic intensity is equivalent
to the Rytov approximation whereas absolute intensity is the Born approximation.

6. Computational methods

6.1. The finite element method (FEM)

The domaing2 is divided into P elements, joined ab vertex nodes. The solutio® is
approximated by the piecewise functidr (v, 1) = Y7 ®;(t)u;(r) € U", wheret" is a
finite-dimensional subspace spanned by basis functigts (i = 1 ...D) chosen to have
limited support. The problem of solving fab” becomes one of sparse matrix inversion.
The advantage of the FEM approach is its versatility which makes it applicable to complex
geometries and highly inhomogeneous parameter distributions.

As developed in [27,52], the diffusion equation in the FEM framework is expressed, in
the frequency domain as:

(Kx) +C(p) + tA+iwB)® = qo (6.1)
where¢ = 1/2A, and in the time domain as:
B (1)

ot

(K(k) +C(n) +¢A)P(1) +B = qo(1) (6.2)
where thesystem matricek,C, A andB have entries given by:

K;; = / k(P)Vu;(r) - Vu;(r)d'r (6.3)
Q
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Cy = /Q Ha(Pu (P () ' (6.4)
1

By == /Q w; (r)u;(r) d'r (6.5)

Ajj = /asz i (ryu; (ryd" 1D (6.6)

To relate the FEM approach to the forward model, we define the discrete—continuous
operator

P = M[®)] (6.7)

where®; is the solution to (6.1) for thgth source, and\ : G — Y is a measurement
operator. In discrete mode, we define aldet; : R? — R™i. The equivalent of (6.7) is the
discrete—discrete operator

F; = M;[®]. (6.8)
Equation (6.1) is formally solved by matrix inversion:
& = (K(k) + C(u) + (A +iwB) g0 = G(w)qo (6.9)

whereG(w) is the discrete representation of the Green opetatém the time domain, (6.2) is
solved using a finite-differencing scheme in time [52] which effectively increases the time for
the forward problem solution b¥y; 4 x = %(Tf,»,m, — Tinitiar). HereTyax > T;; is dictated
by stability and accuracy considerations, so that even if only a small number of time samples
are used in the problem specification, the computation time of the problem is still increased by
an order of magnitude. Typical valuestf x are 100-1000. Note that in the finite difference
scheme outlined below, operator-splitting methods can be employed, so that the computation
time becomes reasonable.

Since the matrices, C, A, B are sparse, the solution is obtained by standard methods such
as Cholesky reduction and substitution [52], or biconjugate gradients in the complex case [53].
For very large problems, such as occur in 3D, a direct sparse solver such as conjugate gradients
can be employed [54].

6.1.1. Measurement typesMeasurement types are derived by applying the measurement
operators to the left-hand side of (6.9). The simplest measurement operator to consider is the
boundary operato3 which implements (4.5).

T = DGqo. (6.10)

If the measuremeritis considered to be&-function atm,, then letr (m;) be the single
boundary element that contains this point. The fornba$ aM; x D matrix with entries
given by

cuj(my) if node j € r(m;),

D, = ;
Y 0 otherwise

(6.11)

where we make use of (4.6). To implement measurements of integral transform type we follow
the method of section 4.2.1. The iterative scheme (4.30) becomes [55]

3O (s) = G(s)[qa]

i)(n)(s) — é(s)[nB(i)(n—l)(s) + q(()n)]. (612)
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6.2. The finite difference method

The finite difference method (FDM) can be considered as a special case of the FEM on a
regular grid. Generally speaking it is much harder to adapt FDM to complex boundary shapes
and conditions, but this is offset by the considerably easier solution methods available when
the system matrices have high degrees of symmetry. Not surprisingly therefore, many authors
have used FDM to investigate the inverse problem for simulated data, but some experimental
results have also been obtained, for the difference imaging problem [15].

The FDM replaces the continuous operators by a differencing representation, so #at (4.1
becomes (in three dimensions)

( d a® 9 0® 9 0P )

| —r—t+t——+

dx dx dy dy Lm.p
We evaluate each operator on a regular grid with spacingeach dimension. To give a stable
scheme, we evaluate first derivatives at midpoint positions, then form the second derivatives
by differencing from these positions, with the scalar term interpolated

(6.13)

w
+ _cbl.m,p =d4ql,m,p-

i/{@ — } -Kl+1/2m (<Dl+1,m,p - <I>l,m,p) — K1 ((Dl,m,p - (lel,m,p)-
ox ox |, h P h fzmp h |
il(aﬁ _ E _Kl 4172 (q)l,m+1,p - q)l,m,p) K12 (cD],m,p - q)l,m—l,p) i
9y 0y |y, hL TR h el h .
EKE _ E -Kl — 2(¢l,m,p+l - q)l,m,p) s . (q)l,m,p - q)l,m,pfl)- ]
0z 9z, hL Y h iz h

The resultant discrete system can be solved by a variety of schemes of which the multigrid
method is optimal [56].

In the time domain the time derivative in (4)2can be discretized using a forward,
backward, or Crank—Nicholson scheme. A particular advantage is gained by using the
alternating direction implicit (ADI) scheme, whereinis updated in three intervals per time
step

d 90MYd Ay 3
<—At—K— + _Maq)(n+l/3) + _‘(D(n+1/3)>
ax 0x c Lm,p
(n) ()
= Atg) + (Alilcaq) sar L 0T 2AL s §<I>‘”)>
P dy 0y dz 0z 3 c Lm.p
(6.14)
d AP Ay 3
<_AIB_K8— + ?Maq)('”z/g) + —(D(”+2/3)>
y y ¢ L,m,p
: 3 P I D Jae
= Atg"™M 4 [ At —k———— + At —————
P ox ox 0z 9z
2At 3
_ Maq)(n+l/3) + _q)(n+l/3)> (615)
3 c L, p
<_AtiK8q><n+l) N Euacb(rﬁl) " §¢(n+1>>
0z 0z 3 c Lm,p
9 8¢,(n+2/3) 9 3(1)(n+2/3)
= Atql("njz/s) + | At—k—— + At———
P 0x dx dy dy
2At

3

12 @2 4 323
C

)

Lm,p
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Not only is this scheme unconditionally stable and second-order accurate in time, but with
appropriate solution re-indexing, each of the time steps is solved by a tridiagonal matrix
inversion that is linear in the number of gridpoints.

6.3. Boltzmann equation models

Monte Carlo methods have a long pedigree, especially in transport theory [57]. The method
proceeds by defining regions@fthat have particular values af, s and possibio (s, §', 7).
Individual photons are run through the model, undergoing scattering and absorption events
according to the local values of parameters, until they either have negligible contribution, or
escape the surfad?, thus contributing to a measurement [58]. Such methods offer great
flexibility in modelling arbitrarily complex geometries and parameter distributions, but they
are prohibitively costly in computational time—typically photon paths are several hundred
interactions in length, and many millions of photons need to be followed to obtain sufficient
statistics. Care has to be taken with the statistical properties of the algorithm used in order
to avoid bias [5, 59, 60]. It has even been suggested to use Monte Carlo as the basis of an
approach to the inverse problem [61] but results are very limited and this method has been
largely superceded by FEM or FDM techniques.

Computational schemes for the Boltzmann equation have a similarly long pedigree in
transport theory, generally classified into spherical harmonic or discrete ordinate schemes.
Most schemes are of finite-difference type [45], but a finite element method for the Boltzmann
equation is described by de Oliveira [62]. Debate as to the relative merits of these schemes is
outside the scope of this paper, but attention is turning to them in optical tomography [37,45].

6.4. Other methods

Other methods such as random walk theory (RWT) [63, 64] and the Markov random field

method of Giinbaum and Patch [65—-67] have been far less widely applied to the inverse

problem and are left out of the discussion in this paper. Some further discussion of these
methods can be found in another review paper [5].

7. Sensitivity relations—discrete case
We will develop the discret sensitivity relations in the FEM context, although the equivalent

formulations in the FDM context are readily apparent. We assumeut{ia) and« (r) are
expressed in a basis:

N N,
k() =Y Kk () pa(r) =y pa v’ (r). (7.1)
k=1 k=1

The equivalent of (6.7) is
P = M[®)] (7.2)
and the equivalent of (6.8) is

F; = M[®]]. (7.3)
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7.1. Finite element method

Using the basis expansion @f(r), u(r)) given in (7.1) we can further expregsC as:

Ny
K() = ) kiVi)
k

N, (7.4)
Clw) =Y pa V(1)
k
whereV, (k), Vi (1) represenbasis system matriceghose entries are given by
Vi () = f v (M) Vi (r) - Vuy () d'r (7.5)
Q
Vess 10 = [ o st o' (7.6)
Q

Note that the matrice¥,(x), Vi (1) will be sparse if the chosen basis functions have
compact support.

7.1.1. Direct form. Following section 5.2.1 we differentiate (6.1) with respect to each basis
coefficient defined in (7.4)

. 0P 0
(K() +C(w) + LA +i0B) 7= = a—fk — Vi () ® (7.7)

wherex is eitheru, or «.
Henceforward we will make the assumption that the source term is constant, so that the
first term on the right is zero. Making use of (6.9) we obtain the analogy of (5.27)

aT 9P .
— =D— = —DGV;(x)®. (7.8)
a)Ck Bxk

7.1.2. Adjoint form. The discrete form of the reciprocity relation (5.20) is expressed, using
the fact thatG is symmetric

DT (m;)Gq(r;) = q" (r;)GD(m;) (7.9)
whereD T (m;) is the single row ob corresponding to measuremeniVe can now state [46]
T IP; T A
D (mi)a— =—D (m;)GVi(x)®,
Xk

= —®V,(x)GD(m,)

= —®V, (x)¥}
= -V, (0)®; & —(T;, Vi(x)®;) (7.10)
whereW; is the solution to the adjoint problem
(K+C+{A—iwB)¥,; =g (7.11)

whereg;" is anadjoint sourceinitializing the boundary nodes of the element containing
We can now state the analogy to (5.28)

ocik, j) = =TTV (1) B = — (T, Vi (k) D)

7.12
oulisk, j) = =TTV ()@ = — (T, Vi () ®;). (7.12)
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7.1.3. Time domain. Proceeding in the same manner as (7.7), we can write:

d\ 0P d
K(k) +C(w) +cA+B— | 2= = 29 _ v, (@), (7.13)
ot ) 0xy 0xy
The adjoint form leads to
Tf[rml
f O (—1WVi(x)®,(t — ') dt’ (7.14)
Tinitial
whereW; (¢) is the solution to the adjoint problem:
d
<K(K) +C(u) +¢A — Bg) Ui(1) =q; (1) (7.15)

which propagates backward in time from the initial condit®y(¢) = 0 for¢ > Ty;na.

7.1.4. Other measurement typesAs in section 5.4 we can derive the sensitivity functions
oM (i, k, j) for other types from the form (7.12). The particular forms of interest are:
Logarithmic intensity (Rytov approximation)

(|og) . N . .
oy (i k, j) = px(i, k, J) (7.16)
I'ji(w)
Integral transform ((5.30) witly = " exp(—st))
T o (1) ; n_n/ ' :
ol (i, k, j) = —Z%(JW\I: (@ = V(D) @ (@ — is) = (7.17)
Normalized integral transform ((5.31) with = ¢" exp(—st))
7 L 1 as)) s 1 o B C
PTGk, )= [Tk, ) = TP )p Gk, ] (7.18)
Jii

8. lllposedness and nonlinearity

8.1. Uniqueness

Uniqueness of the inverse problem for the Boltzmann equation is an open question. Choulli
and Stefanov give a uniqueness resultfog, us, ®) [68], and some special cases have been
addressed by Anikonov [69, 70]. By contrast, (4.1) and (4.2) fit into the general framework of
Isakov [20].

Itis convenient to return to the Helmholtz version of the problem (3.48). If it were the case
that the sourc@q in (3.48) was of Neumann type, as discussed in section 3.5.2, and we had
complete knowledge of all pairs of Dirichlet and Neumann data on the boundary, then the result
of Sylvester and Uhlmann for the real case [71] suggestsjtimtiniquely determined [72].

The situation is complicated if we use an interior source, and is a possible topic of research.
However, the mechanism of an interior source is in a sense artificial, since in practice almost
equivalent results are obtained for the different source models [27]. A second complication is
that the diffusion approximation will not be valid very close to the source, or at short times.
Therefore, technically, we cannot have complete data that satisfies (4.1). However, Arridge
and Lionheart [73] recently produced a valuable result that lends insight into the difficulty of
separating absorption and scattering parameters in a simultaneous reconstruction.
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-7 (-

Q

1

Figure 11. Definition of Q¢ and21 (based on figure 1 in [73])X2 is a region with every point at
least a distancegy from the domain boundarg<.

8.2. Non-uniqueness of the DC problem

For consistency with the normal source definition as give in (3.44), we make the assumption
thatQ = Q1 U Qg with 392 strictly contained in the interior a2 as shown in figure 11, with
the closest distance between the boundaries hging

Suppose that we have two ordered sets of functiong,) and(k, fiy) with the equivalent
canonical parameteﬁsandﬁ. We can state two conditions:

Condition 1.7 = #/ everywhere ir2

Condition 2:k = k everywhere ir2;.

If these hold, then it follows immediately that both sets will give rise to the same sollition
and thus to the same measured dags defined by (4.5).
Consider the DC case(= 0). Suppose we add a functignto « anda to wa:
K=kx+p Ha = [tata. (8.1)

Condition 1 is now jusfjg = no. If condition 2 also holds, then the identical data will be
measured if

2 1/2 2,.1/2
(V et h) >+“a+°‘ :<V" )+ﬁ‘. 8.2)
k+B2 ) +p) 2 )k
Thus, forany g8 satisfyingg = 0 in €1, we can findx from:
VZK]'/Z Ua VZ(I{ +,3)l/2

Although in reality the bounds on 14 rule out some possibilities, the above result proves
that there exists an infinite set of functions that give rise to the same data. @Qni¢ i and
71 can be found uniquely can we state thatndu, can be determined uniquely from

w 2,.1/2
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8.3. Non-uniqueness for other measurement types

It would be attractive if the analysis of section 8.2 could be extended to the other measurement
types given in section 4.2, but formal results for other cases have not been discovered to date.
However, we can gain some insight into their form by explicitly plotting the error surface (2.2)
for a simple case. To illustrate this idea we consider the simple problem of a homogeneous
circle with parameterg ; andji; and a single embedded perturbation region. We thus consider

P'i _a7 T _lPAi ar . 2
I(ua,u;)=2< j.ilfa ig] — Pl uJ)_ 8.5)

ij 0jii

The mesh for which the homogeneous reference Hatgiia, i) and perturbation data
F;i(na, ny) were generated was as figure 5. Data were calculated at 16 equally spaced source
positions and 16 detector positions, each placed between two sources and the error maps
I (ia, ity Were sampled at 41, values in the range from 0.0125-0.0375 mirfvertical axis)
and at 41, values in the range from 1-3 mrh(horizontal axis).

Figure 12 shows error maps for the measurement typ€s (ogal and imaginary), log,

(t), c3, L(s = 0.01). Characteristic for all types is an elongated ‘valley’, while the orientation
of the valley differs between measurement types.

The shape of the error functions suggests that the simultaneous reconstrugtioanof
we, will be ambiguous for any single measurement type. The reconstruction algorithm will
descend into the valley at some point, but due to the small gradient along the valley the
convergence towards the true solution will be slow. In order to overcome this problem we
have to use multiple measurement types for the reconstruction using a data vector composed
of several measurement types, as described in [74]. We require a combination of measurement
types for which the sums of the error norms exhibit a clearly defined minimum, to avoid the
Wa/ s ambiguity of the single-measure case. We summarize our position with the following
conjecture.

Conjecture 1. In 2D, reconstruction of two functions of two variablgs(x, y), us(x, )
requires two maps of two variables, (¥, 9,,), A2(Fp, Fm).

In 3D, reconstruction of two functions of three variablegx, y, z), us(x, y, z) requires
two maps of four variablea (9, ¢,, Om, @m), A2(Fp, ©p, Oy Om).

8.4. Singular value analysis of the linearized problem

The unigueness results discussed above are ‘local’ in the sense of making statements about the
ability to separate the recovered properties at the same point in space. Of course we should
also address the question of image resolution which we expect to be worse in the interior of
the object rather than at the boundary because of the strong smoothing property of the second
differential operator in the forward problem. Again, formal results are lacking, but we can
illustrate the problem by computing the singular values of the linearized problem (i.e. the
Jacobian).

Figure 13 shows singular values for the data typedog E, (z), c3 andL(s = 0.01),
computed for the model problem of figure 5, discretized into ax186 pixel basis with
16 equally spaced sources and 16 detectors. The behaviour of the singular values is quite
similar, although the fall-off of the absolute intensity type is much worse that for its logarithm,
consistent with saying that the Born approximation is much more illposed than the Rytov
approximation. Significantly, there is no sharp transition in the singular value spectrum.
Therefore, we suppose that recovery of fine resolution image detail is difficult with respect to
noise in the data in a predictable manner—we do not suppose that any particular change in
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Figure 13. Singular values of the linearized problem fog (top) andus (bottom). All values are
normalized tov; = 1 for each data type. Data types &elogE, (r), c3 andL(s = 0.01).

sampling strategy will have a dramatic difference on image quality. Clearly these results are
anecdotal and much more study could be made on this important aspect of the problem.

9. Reconstruction methods

Many medical imaging modalities are governed by a radiation propagation model represented
by the Boltzmann equation. For exampleyifandg are zero, and the system is assumed to be
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steady-state, then (3.1) in the steady state becomes the differential form of the Radon transform
for x-ray CT. Similarly if u; andus are zero ang is non-zero and isotropic, we obtain the
Radon transform for SPECT. If botlh, andgq are non-zero, then the problem becomes the
attenuated Radon transform, with the exponential Radon transform representing the case where
ILa IS NoNn-zero and constant.

Not surprisingly, many attempts have been made to translate the optical tomography
problem into one that has been solved in another field. In particular we find:

(i) CT-like methods: hereitis argued that a Radon transform like formulation can be applied.
In this respect both closed form solutions (in analogy to the inverse Radon transform) and
backprojection schemes (in analogy to backprojection convolution) methods have been
proposed.

(i) SPECT-like methods: here it is argued that a linear matrix formulation is appropriate in
analogy to the transfer function of SPECT systems.

(i) EIT-like methods: here it is argued that the problem is a nonlinear optimization and
iterative nonlinear solutions are required.

All the above represent the inversion of an integral equation problem. For completeness
we note a separate approach by Klibareval [75] in which the approach is to derive a
differential form for the inverse problem.

9.1. Analytic methods

Schotland [76] obtained an inversion formula for the absorption term for the CW case. The
infinite space Green function is given in integral form as

G(CD)( ') = 1 / ghtr=r a3k (9.1)
nre = @r)3 ) kk?+pa+iw/c '

Using (5.25) and (4.6) we have

I (Z) (m, p,w) = _(251)6 / Ak, f Ak, / A |:(a(r/)+km k,B(1))
eikm-(m—r’)+ikp-(p—'r’) ]

202+ 22 @) (2 + 72(w)

(9.2)

where

We consider the four-dimensional integrahaf p overdQ. If k is separable then
k-r==Fkj-otkyv.

Schotland’s result consider@d2 as the half-space= 0 with v = z, which leads to

¢
Aftaqk <Z) (kmj, kp), ) = _W / dk,n: / dkpZ

X /dgT’[(OZ(T’) + (k) + kpj + Kk p) B(r'))
ei(kmu+ka)'Q’*i(kmz*'kpz)z/

20 I+ 72w (2, + K2+ ;22(w>)]'

m]|

(9.3)
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Note that this approach formally requires thpais a boundary source rather than an internal
one. Completing the twk, integrals in the upper half-plane contributes one simple pole each
with the result

Ai&,{ <;) (K, kpy, 0) = —& d3r’{(a(r') +5(km, kp, @)B(1"))

1 1

o )+ (K2 +220)) 2+ (k] #2201
X 1
2

(2, + 2@ (2, + 72(@))

1 . 1
where s(km., kp, ©) = kmj - kp + (k2 + $2(@))? (k3 + $2(@))* . (9.4)
By change of variables
a = km +kp|
1
b = 2 (kg + 22(@))?
1
by = 2 (kpy + X*(@))’
we get
K2bmbpAD, (@) (@, by, by, ) = —C / 3 @ard*alntble g ) (9.5)
b, b o )
2 m<Yp B} 3,/ ala-0'+5[bnth, /
K m‘\m (B) (@, by, by, w) =—§/d vttt gyt (9.6)

wheres(a, by, by, w) is the functions (k,,,, kp, w) expressed under the change of variables.
Equations (9.5) and (9.6) may be formally inverted via a Fourier—Laplace transform wherein
the four spatial dimensions are restricted to a three-dimensional mabifﬁid%(bm +bp).
At least in principle the recovery of a three-dimensional function from four-dimensional data
is stable, but the effect of finite sampling and band-limiting in the discrete case has not been
investigated. Furthermore the method is subject to the restriction that second-order effects are
negligible.

Another analytic approach using a Fourier transform over the data space was reported by
Li et al[77]. Here a degree of assumption as to the depth of inhomogeneities was required.

9.2. Backprojection methods

Backprojection schemes were already introduced in section 4.3 where the idea is to formulate
a Fredholm integral equation such as (4.39). The backprojection scheme simply applies some
operator to the left-hand side of (4.39). The suggestion of etra[48] is to form modal

lines of the PMDF functions, but a variety of other forms are possible, the main criterion being
to span the space of the solution adequately.

The use of backprojection schemes can be made more rigorous using the scheme of
Barber [78] where for any backprojection matkithe filterw = (JX) ~* solves a generalized
inverse of the underdetermined linear problem [79]. For the particular Xase J' the
generalized inverse is the Moore—Penrose one.

9.3. Linear methods

If we have an estimate that is close to the ideal solution, then its projection is clgsée
can expand equation (2.1) in a Taylor series

§ = o+ P [wo] (@ — xo) + (@ — m0) T P [zo] (@ — o) + - - (9.7)
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Neglecting terms after the first, linear term constitutes the perturbation approach and the
problem reduces to inversion of the matrix representation of the Jacobian

b=Jh (9.8)
where
o
h =
B

is the linear update vector. The majority of reported results use this approach, which can be
compared to a similar technique developed in EIT [80]. Without exception they require, either
explicitly or implicitly, a difference experiment that measubess the difference between two
states. Resultant images are usually presented qualitatively. Recently Boas [81] has given an
argument for an intrinsic limitation to the quantitative information recoverable in a linearized
problem, based on an exact solution of the forward problem for a sphere in an infinite medium.

The difference between different approaches to the linearized problem depends on how
the matrixJ is constructed. We may distinguish

(i) Semi-analytic methods: here the functional form of the PMDFs is used assuming an
infinite space or infinite half-space geometry wherein the closed form expressions can be
written down directly [10].

(i) Monte Carlo methods: here a Monte Carlo simulation is run to assemble weight functions
which are assumed to be reuseable for a variety of cases [82].

(iii) Numerical PDE methods: here a FDM or FEM solution to the forward problem is used
to generate the PMDFs such as (7.12) described in section 7.

We define the Jacobian

J=R'F (9.9)
—~ _ L
b, 3,m) 3,
a
[ ]
[ ]
° ° ° -
T
b, i
1L 0
[ ]
[ ]
[ ] [ ] [ ] L 1
T I~ by (0
bg V() I (K)
J _ L _ bj"vgu)

Figure 14. Terms in the Jacobian calculated by the direct method (based on figure 6.1 in [87]).
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of the forward problem asMror x Nror matrixwhereMror = Y~ M; andNror = N,+N,
with the following structure
b1 Ji(uw)  J1(k)
) () Ja2(x)

= | (9.10)

bs Js(u)  Js()
where we defing; as theM; x Ny or matrix that is the Jacobian for the sub-objective function
I; andJ;(n), J;(x) as the sub-matrices corresponding to the basis coefficients with respect to
the two variablegt, «. Note that we absorbed the covariance maRrirto both the definition
of the residuab and the Jacobian in (9.9).
Solving (7.7) and using (6.10) yields two vectors of lengfh, given by:

, _ 1. 0P;
bji(na) =R;"D; 8_
/ L 3@ (9.11)

which are located into the Jacoblan as in figure 14. We can thus state the direct method,
algorithm 1, to construct the Jacobian.

Algorithm 1. Construction of the Jacobian using the direct method.
for all sourcesj =1...S
Solve(K+C+(A+iwB)®; =g,
for all basis functions*

Solve(K +C + A +iwB) ot = —Vi(1)®;
setkth column ofJ;; (x) to: b'; 4 (x) = R} 1D, =
end for
end for

From (7.12), the adjoint method to build the Jacobian can be stated as in algorithm 2,
figure 15. We introduce the notatign; for theith row of matrixJ; from which

dji = =0 pG, J) (9.12)
wherep(i, j) is the vector with componentp, (i, k, j)}, k = 1,...,N;x = pa k. For

convenience we also establish a single-indexing scheme Zj.,_l M +i for a row ofJ
wherebyp(m) = p(i, j) andj,, = jj.i.

Algorithm 2. Construction of the Jacobian using the adjoint method.
for all sourcesj =1...S8
Solve (K +C+¢A+ |(,e)B)q)j =q;
end for
for all measurementa =1... Myyig
Solve(K+C+¢A —iwB)¥,, = g,
end for
for all sourcesj =1...S
for all measurementsfrom this source and all basis function’
letm(i) be the index of this measurement in the set of unique measurements
set(i, k)th element of); (x) to: J; ik (x) = 0 (i), Ve (X)) @) = —0  pi (i k. )
end for
end for
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Figure 15. Terms in the Jacobian calculated by the adjoint method (based on figure 6.2 in [87]).

A third method can be used to generate the Jacobian, namely to explicitly perturb the
model in a region and subtract the two projected data sets. This can have an advantage if
the direct or adjoint methods cannot be expressed directly. It has been reported for the fully
time-domain problem [83] and in fluoresence imaging [3].

9.3.1. Other measurement typesApplying the discrete measurement operatdr; yields,
in place of (9.11)
_ 0P ;
B ) = RY) M, |:D ’] (9.13)

! Bxk

with the adjoint form

@) MGk, ) = — @) T MU, Vi) @ )],

9.3.2. Linear inversion methods.The linear problem is illposed and large, and so a variety

of regularizing inversion methods have been suggested including truncated SVD, conjugate
gradients and the Kaczmarz method, commonly known as ART (algebraic reconstruction
technique). The latter is the most popular method since it allows efficient storage representation
of the huge matrix¥, as well as being easily adaptable to projection onto convex sets (POCS),
for example to impose range constraints. Although the Jacobian is dense in the strict sense, the
sensitivity function(i, j) are well-localized so that many matrix elements can be considered

to be zero with reasonable accuracy. This leads to the use of sparse matrix representations
and solvers. Nevertheless, the matrix inversion is still costly, and subject to numerical error,
especially in 3D.

9.3.3. Symmetry exploitation.An important simplification can be made if the acquisition
scheme posesses cylindrical symmetry. The approach was developed by Metherall [84], and
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has been applied to optical tomography [85]. We require also cylindrical symmetry in the
solution, both in its sampling, and in the coefficients. Thus the method usually depends on
a homogeneous starting point, although in fact a radially varying starting solution could be
employed.

If the symmetry isp-fold, then the linear problem can be written

by AL A Az ... A, ||l
b2 A, A Ay ... Apal| o
oA A Ag Ap—2||hs|. (9.14)
b, Ay Az Ay ... A lln,

This matrix can be block-diagonalized by a Fourier transform in the angular variable only
Zb = (ZA 2*)Zh = diag(S1, S2, Sz, ..., S))h (9.15)
then the inversion ofA zZ* is reduced to the inversion gfblock-matrices. An inverse Fourier

transform is applied to recover the solution.
9.4. Nonlinear methods
To solve the optimization problem (2.2) we consider the gradient of the objective function

ol ] i — Pjilma, P ila,
-2 (y_, il d)(_ a[xli K]) ©.16)

Xy, o | Iof:

Jsi

wherex is eitheru, or «, andk indexes the basis functions defined in (7.1). We can further
state

al T o
— =—P R%y—F) (9.17)
Bxk

— P RIBpL, (9.18)

wherez is a(N, + N,) vector representing the gradient of the objective function in the chosen
basis, and; : (X", X®) — Y is the Féchet derivative oP;.
Two classes of optimization scheme will be discussed:

(i) Newton methods. These methods seek a zeld by an iterative method, using a Taylor
expansion around the current estimate

I/(m(n+l)) — I/((Il(n)) + I”(:E(n))h(n) =0
= h" = —1"@@") ' ™).

These methods imply an explicit linearization of the inverse problem and become
computationally intractable when the number of dimensions of the inverse search space
is large.

(ii) Gradient methods. These methods require only knowledge of the gradliemd are
generally preferable for an optimization problem over a large number of dimensions.

(9.19)

9.4.1. Newton methods.The prototypical algorithm for Newton methods is the Levenberg—
Marquardt algorithm. In optical tomography this was discussed in some detail in [29, 86].
From (9.19) we require to solve a linear step:

h=— ") ). (9.20)
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Using (9.17) we have

I'@) =P R%=-1"%
'@ =P R2P -RrRPE (9.21)
=J37J— Hb.
Therefore we can represent (9.20) as
h=QTI—HbB)1I7b. (9.22)

In the Levenberg—Marquardt method the Hesdifiis ignored and a control term is
introduced. In the underdetermined case, the number of rowsofess than the number
of columns, i.e.Mror < Nror So that theNyor x Nror matrix 37 J is certainly rank-
deficient, whereas in the overdetermined cé§er > Nror S0 thatdT J may be invertible.
In practice even the overdetermined case is usually ill-conditioned so that both cases require
stabilization via the Levenberg—Marquardt method:

h= QT3+ " JTb. (9.23)

9.4.2. Implicit linear methods. The principal difficulty with the Levenberg—Marquardt
algorithm is the explicit formation and inversion of the matrixIterative linear techniques
proceed by repeatedly solving the linear problem using one of the methods of section 9.3.2.
Since the linear problem is itself solved iteratively, the optimization can be thought of as
occuring in two loops: a linear step which computes an update based on the current state
x, followed by a recomputation of the linearization. A trade-off occurs between the effort
expended in the inner iteration to compute the linear step, and the effort expended in computing
the linearization. Usually the cost of recomputirigthoughtto dominate, butthe use of adjoint
methods mean that this cost can be cut to a fraction.

The advantage of ART over other algorithms for the linearized problem, such as truncated
SVD [11], arises from the use of the adjoint method for the Jacobian, described in algorithm 2.
By precomputing the forward vectofg;}, j = 1...S, and the adjoint vector$¥,},
m=1...Myn;g, the vectorg,, (in ART), or matrices); (in Block-ART) can be generated
efficiently on the fly.

We illustrate this method in the Block-ART variation in algorithm 3. For other variations
see [87].

Algorithm 3. Nonlinear Block-ART algorithm.
for L sweeps
forj=1...8
Jj/ = next index from permutation set(1, 2, ..., S)
Solve(K+C+(A+iwB)®; = q;
~ -1
bffA = WL(Ri?fA) (y;“f‘ - FJM)
ajy =34 b%iq; )
Solve(K+C+ (A —iwB)¥; =a;

for all basis functions."

Seth, = M[(¥;, v"®;)]
end for
x=x+Ah
end for
end for
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We note the following:

() Row-ordering: a well known improvement to ART uses non-sequential ordering of rows
(see for example [88]).

(i) Parallel projection: in the standard Block-ART algorithm to solve a linear problem [89],
W is a diagonal matrix whose entries are the norms of the rows of

i-1
Wiii = lgw > m" =) My +i. (9.24)
-~

(iii) Minimum norm projection: if instead we use
Wy = @30 +an (9.25)

then we are implementing the (regularized) underdetermined version of the Moore—
Penrose generalized inverse [90].

(iv) Block steepest descent: if we uge = I, the identity matrix, then each nonlinear step
is a steepest descent direction in thedefined in (2.2). This method has been used for
ultrasound tomography [91].

A variety of flavours of ART are possible, according to how much effort is put into the
construction oW, that range from a steepest-descent step to a (underdetermined) Newton
step. The cost increases/if; is recomputed, but the convergence may be faster. A sensible
choice might be to comput® ; from (9.25) once, and store these for each subsequent iteration
since they are small.

Finally, note that the use of all data from one source, premultiplied by a matrix and
projected into the solution via an adjoint operator is similar to a filtered backprojection
algorithm, which is the method of choice for x-ray CT, and can be contrasted with the
backprojection convolution approach of section 9.2.

9.4.3. Gradient methods.Consider the continuous case. Letbe a solution to the adjoint
problem

—V -k (P)VY(r, ©) + pa(r)¥ (r, ) — i?w\y(r, w) =0, (9.269)

U(m, w) + 2A/c(m)w = b(m, ), (9.260)
then by the argument leading to (5.19)

fm b T (Z) d 1o, = —/Q,BV U VD +a WD dr, (9.27)

Thus the right-hand side of (9.27) is an update direction that corrects for the discrepancy in
the data for one source. In the discrete case, the left-hand side of (9.27) is simply a matrix
transposition and so the right-hand side can be seen to be the gradiéribe objective
function. This can be in principle be calculated by explicitly calculating the Jacobian using
either of algorithms 1 or 2 and forming

z=-J3"0. (9.28)

However, an alternative is to generate it directly using the adjoint scheme. The use of an
adjoint scheme to calculate has been discussed previously for the time-domain diffusion
model using a finite difference scheme [92], the time-domain transport model using a finite
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difference scheme [45, 93], and the steady-state DC case using a finite element scheme [94].
From (7.12) we may write

z(x) = Z Z 04 m(iys Vie(x)® ) (9.29)
j=1i=
wherew,, is the solution to
(K+C+(A—iwB)¥, = q, (9.30)
so we form a vector
L by,
Z gt (9.31)
i=1 U
and solve
(K+C+§A—ia)B)\Ilj=aj (932)
leading to
S
() ==Y (¥}, Vi(x)®)). (9.33)
j=1

The normalized measurement types have to be handled in a more complex way. From
(7.18) we have

T ’Z' &
Ji = F5 (i = FlJ9) (9.34)
which leads to
S
— T -
T =) Z I, (9.35)
j=1 i
S Mj 1
T T 7€\ T
= ZZ F(J — FlIDHb7, (9.36)
= Z Z — (T Wiy, Ve B )] = F] (@i, Vi (1) B)). (9.37)
i ] i j i
We therefore need to construct two adjoint sources
~ M; T FT
T T g+
a; 0 = Z T—qu'"(') (9.38)
j 17 g
_ M pT
al(1) = Z — ) (9.39)
i-10;,;F;;

From here we proceed as before, finding two solutim'fs(O), \Iljf(l) and computing the
gradient as

S
@) ==Y THET D), Vi) ;)] — (E7(0), Vi(x)®;). (9.40)
j=1

This method is applicable for measurement types (4.34) and (4.36)utfleentral moment
given by (4.35) can be constructed as a linear combination of the tiesaporal moments and
so the gradient requiresadijoint sources, constructed in a straightforward manner.

Whenever the gradient is available, gradient based algorithms such as nonlinear conjugate
gradients can be used to produce fast nonlinear optimization schemes. A comparison of this
method with Block-ART and steepest-descent was reported in [73].
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9.5. Regularization and prior knowledge

We developed our discussion in terms of a maximum likelihood approach, but as in any
illposed inverse problem, the instability of the solution with respect to small variations in the
data suggests the need for regularization. Regularization consists of the modification of the
objective function to a form such as

I+1Y(x) (9.41)

whereY (x) is a function of the solution only, and represeatpriori information, andr is
a hyper-parametemwhose value is often hard to determine. Under these circumstances the
Levenberg—Marquardt method (9.23) is modified to

h= @I+ +4) T QTh— 1Y) (9.42)
and the gradient in conjugate-gradient methods is modified to
z+1Y. (9.43)

These modifications are independent of whichever data type(s) are being used, and so
add constant computational effort to the inverse problem. Regularization using quadratic

constraints on the solution derivatives was discussed in [95], and the useIdf-aorm

(total variation) was discussed in [96]. Linear reconstruction schemes are limited to quadratic

regularization terms, which may be a limiting factor in their use.

9.6. Restriction to real solutions

It should be noted that in the complex case the operators such as (5.Rxafe— C, so

the resulting PMDF functions and Jacobians are complex, as are the updates specified by any
of the reconstruction schemes in the previous sections. All authors make the natural choice
of restricting the update to its real part, which is physically correct. If instead the complex
Helmholtz form of the problem (3.48) is solved then the commensurate oper&diorisC

and no such restriction is required. This may lead to a better reconstruction scheme since some
component of the data is being ignored in the restriction case.

10. Conclusions

We have discussed optical tomography as the problem of recovery of absorption and scattering
coefficients in the interior of a domain given boundary data. By far the most prevelant approach
is the diffusion model which casts the problem into the form of recovery of coefficients of an
elliptic partial differential equation. Although much of the theory of such problems is well
known there are some open questions which can still be addressed:

e The ability to localize changes in one or other coefficient appears to be achievable although
there are vastly varying claims as to image resolution and reconstruction times. On the
other hand the ability to differentiate between two coefficients appears to be very difficult.

e Since the diffusion approximation is not completely accurate, it needs to be investigated
to what degree uniqueness and stability of the inverse problem could be improved using
a higher order approximation to the Boltzmann equation. From a practical point of view
the fact that the diffusion approximation is nearly accurate suggests that the improvement
will be minor, but formal results are missing.

e As a corollary to the above point there is scope to investigate the properties of the inverse
problem when data is incomplete, i.e. if we restrict ourselves to regiohQ efhere the
diffusion approximation is valid to within some tolerance limit.
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e The nonlinearity and illposedness of the inverse problem is transformed by the use
of different measurement operators. A theoretical understanding as to the optimal
measurement types to use is lacking.

Optical tomography is a complex and fast-moving area. Our intention here was to present
an overview of the methods developed for the inverse problem. It is hoped that this will
stimulate further interest from theoreticians in developing deeper understanding of the several
difficult problems that are being addressed in this subject.

Further information

The software suite developed at UCL by the author and his collegues for solving the forward and
inverse problems in optical tomography using finite elements is available from the webpage:
http://www.medphys.ucl.ac.uk/toast/index.htm.
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Appendix. Properties of spherical harmonics

The spherical harmonics are given by:
. 2+1\ ¢ —|mpPH\2
Yim(8) = —1)2+mh pi™l (cosp )™ Al
1m(8) (( o ) T imD)] (C) ) (cosy) (A.1)
whereP/" (x) is the associated Legendre polynomial (see for example [97]). We make use of
special properties of these functions:
Orthogonality:

/ Ylfm(é)yl'.m’(g) ds = 811’.mm’- (AZ)
n—1

Addition theorem:

47
21+1
Unit vector expansion:

(sx> (Sinﬁ COS(p) ym % (Y1,-1(8) — Y11(9))
§ = = =

]
Pia-b) = DY (@)Y (b). (A.3)
m=—I

N

Sy sin® sing = | 5@ +ra®) |- (A4

3
S; cosy Y1.0(8)
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Recurrence relations:

L (Amd—m) \? A+m+D(1 —m+1)\2
COSﬂYZ,m - <(ZZ T 1)(ZZ — 1)) Yl—l.m + < (2] + 1)(2[ + 3) > YZ+1,m (A5)

(—m—m—1) %Y (+m+D(+m+2)\?
2+DH2 -1 ) I=lm+1 ™ < (21 +1)(2l +3) ) +1,m+1

Sinvevy,,, = (
(A.6)

(l+m)(l+m—l)>; ((l—m+l)(l—m+2)>;
Y gm-1+ 1+1,m—1-
2+ 12 —1) 2+ 1)(2 + 3)

singe 'Y, = — (
(A7)
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