Direct calculation with a finite-element
method of the Laplace transform of the distribution
of photon time of flight in tissue

Martin Schweiger and Simon R. Arridge

Reconstruction methods for optical tomographic imaging require the development of models of light
transport in highly scattering materials. While the simulation of the full temporal response function
arising from a short source light pulse is computationally expensive, there are methods to evaluate
efficiently certain transforms of the temporal profile. We previously presented methods to obtain
directly the Mellin transform, which is related to the moments of the temporal intensity distribution; We
introduce a similar method to calculate directly the Laplace transform. This method provides an
additional, largely independent measurement type that can be combined with the moments to improve
image quality in optical tomography, in particular with respect to the simultaneous reconstruction of

absorption and scattering distributions. © 1997 Optical Society of America
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1. Introduction

Time-resolved optical tomography is a medical imag-
ing modality used to determine the spatially resolved
absorption and scattering coefficients of light in tis-
sue. Applications include breast imaging,! localized
monitoring of cerebral oxygenation in infants during
and after birth,23 functional brain activation during
mental or physical tasks,* and oxygen consumption
in muscle.5 Data acquisition systems for optical to-
mography can be divided into cw-systems, which
measure the intensity transmitted from a cw source;
frequency-domain systems, which use intensity-
modulated light sources and measure the phase shift
and modulation amplitude of the transmitted signal,
and time-of-flight systems, which probe the tissue
with ultrashort light pulses and measure the tempo-
ral distribution of the transmitted radiation [exi-
tance, I'(¢)] with detectors of high temporal
resolution. Reconstruction algorithms for all three
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types of system are currently being developed.6-12
We concentrate on aspects of reconstruction for the
time-domain case.

For imaging applications it is not normally neces-
sary to use the full temporal measurement signal
because the characteristic general shape of the func-
tion does not vary significantly with the optical prop-
erties of the probed medium and does not include
high-frequency features. Instead, one seeks to de-
rive a set of statistics that fully describe the temporal
distribution. These statistics form the data vector
used in the reconstruction procedure.

The choice of the optimal data type that recon-
structs simultaneously both absorption and scatter is
still an open question.’® Previously we proposed the
Mellin transform as a way to extract the temporal
moments of I'(#) and demonstrated a method to do
this in a computationally efficient way using a finite-
element-based forward solver.* The use of tempo-
ral moments has the additional advantage of being
intrinsically normalized, which eliminates calibra-
tion problems of the data acquisition system such as
source power and detector sensitivity fluctuations or
coupling efficiency changes.

We previously presented reconstructions from mul-
tiple temporal moments and from a combination of
moments and the integrated intensity.’> However,
the use of multiple moments suffers from the strong
correlation between them and, while the combination
of integrated intensity and a moment yields good re-



sults for simulated data, the problems in acquiring
unnormalized data types mentioned above limit its
use in practice.

We propose the use of the normalized Laplace
transform of I'(¢f) as an additional measurement to
provide a complementary type to the Mellin trans-
form. In the following sections we discuss methods
for generating the forward signal and its derivative
for this data type. These are the essential elements
required for any new measurement type to be incor-
porated into our reconstruction algorithm.

2. Light Transport Model

We describe the propagation of light within a region
of tissue in terms of the spatial and the temporal
distribution of the photon density, ®(r, £). Numer-
ous studies show that for the range of optical param-
eters encountered in biological tissues the diffusion
equation is an adequate model for d16-19:

1 ad(r, t)
ot

= Vok@VO(r, t) + p,(r)®(r, ) = go(r, 2),
(1)

inside a domain (), bounded by 9Q), where k(r) = [3(w,
+ /)] tis the diffusion coefficient, w, = (1 — f)u, is
the reduced scattering coefficient, w, and ., are the
absorption and scattering coefficients, respectively, f
is an anisotropy factor given by the mean cosine of a
single scattering event, and c is the speed of light in
the medium.

The diffusion equation is valid in scatter-
dominated media (., >=> ) at sufficiently large dis-
tances between source and detector (>>1/p,’). The
former condition is generally true in the near-
infrared wavelength band for all biological tissue
types considered here, and the latter condition can be
ensured through the choice of a suitable data acqui-
sition protocol.

The relation between ® and the exitance I'(§, ¢)
through the boundary dQ) is given by Fick’s law,

L', t) = —cx(§V, D, 1) (2)

If the source term g, in Eq. (1) is highly localized in
time and space (an ultrashort pulse of light incident
upon one point of the tissue surface), I approximates
the exitance Green’s function of the system. In anal-
ogy with the spatial case this is often referred to as
the temporal point-spread function (TPSF).20

The shape of the TPSF for any given source and
detector position depends on the distribution of opti-
cal properties within the tissue and on the tissue
geometry. In temporal optical imaging applications
one seeks to reconstruct an image of the absorption
and the scattering distribution from a set of TPSF
measurements at different source and detector posi-
tions. For improving the efficiency of the recon-
struction process, it is desirable to express the
information contained in a TPSF by a small number
of statistical measures. Previously,'* we discussed
the use of the time-integrated exitance E and the
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Fig. 1. Effect of exponential filtering of TPSF, showing normal-
ized exponentially weighted TPSF calculated for the measurement
across a homogeneous circle with a radius of 25 mm, p, = 0.025

mm™ !, and p,’ = 2.0 mm~’. s ranged between 0 and 0.005 ps™*

1

in steps of 0.001 ps™ .

moments (¢") of the temporal distribution, which are
given in terms of the Mellin transform m of I'(¢),

m[L(¢), k] = f A, 3)
0
as
E =m[I', 1], 4)
w . m[l,n+1] _
) =" T el 6

We propose the Laplace transform (L) of I' as a
further measure that can be added to the set of mea-
surement types used to characterize the TPSF:

L[I'(@#), s]= J‘x exp(—st)I'(¢)dt, (6)

0

where s is a free parameter governing the extent of
the exponential attenuation of the temporal profile.
The Laplace transform essentially weights the TPSF
with an exponential filter, thereby suppressing the
contribution of longer flight times. The effect of ap-
plying an exponential filter to the temporal response
function is shown in Fig. 1 for values of s in the range
between 0 and 0.005 ps ! (inverse picoseconds).
The curves were calculated numerically with the
finite-element model as described below and with a
finite-difference method for the temporal sampling.
The effect of the exponential filter is to move the
mean of the temporal distribution toward earlier
times by increasing the weight of the early-arriving
photons. The curves have been normalized owing to
the large dynamic range for different values of s.
The motivation for this approach is the well-known
fact that the volume of tissue sampled by photons
depends on their path length or flight time. Early-
arriving photons will have deviated less from the
direct line of sight between the source and detector
than will late-arriving photons. Therefore it can be
expected that by applying a temporal filter we can
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vary the sampling region. In principle, it would also
be possible to use a step function to filter the TPSF.
This corresponds to the time-gating method proposed
by Hebden et al.2! in an attempt to improve the spa-
tial resolution of the reconstruction. The exponen-
tial filter has the advantage that it can be coded
efficiently into the finite-element light transport
model, as described in Section 3.

To avoid the problem of absolute intensity mea-
surements that are difficult to obtain in practice, we
normalize L[T', s] with the integrated exitance,

L[T,s]=L[T, s]/E. (7
3. Finite-Element Calculations

A. Forward Problem

We use the finite-element method (FEM) to solve the
diffusion equation [Eq. (1)] numerically for inhomo-
geneous and irregular object geometries. A detailed
description of the application of FEM to the diffusion
problem has been given previously22:23 and is not re-
peated here. Let domain () be discretized in P ele-
ments, joined at D nodal points. The discrete
formulation of Eq. (1) is given by the matrix equation

Ki) + Coa)le0 + B =Q0,  ®

where @, Q € R are the solution and source vectors,
respectively, sampled at the nodes and K, C, B € [R”
X RP] are the system matrices that represent the
terms for diffusion, absorption, and temporal varia-
tion, respectively. The piecewise linear approxima-
tion ®*(r, t) to d(r, ¢) is found by interpolation of
nodal solutions with the use of linear basis functions
u:

(e, )= D,

i=1...D

D, (H)u;(r). 9)

We presented previously?? a finite-difference scheme
to sample ®(¢) at discrete time steps ¢,,. This could,
in principle, be used for calculating the Laplace
transform explicitly. This method, however, is not
efficient because for reasons of numerical stability
and accuracy the temporal step size must be of the
order of O(10~3) with respect to the total required
temporal range.

By deriving a direct expression for the Laplace
transform, we can avoid the explicit temporal sam-
pling completely. If we use the fact that

L@ =s-L[®,s] (10)
at,s =S » 81

the Laplace transform of Eq. (8) becomes

J.OC exp(—st)(K + C + sB)d(¢)dt = J.Oc exp(—st)Q(t)dt,

0 0

(11)
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or

(K+ C +sB)L[®(t), s] = L[Q(?), s]. (12)
If Q is a & function in time, Q(r, t) = d(t — t;)Qy(r),
then L[Q(x, t), s] = Q(r), and therefore

L[®(t), s] = (K + C + sB) 'Q,. (13)

With Eq. (2) we get an expression for the Laplace
transform of the measurement I',

L[I'(¢), s] = —exV,L[D(2), s]. (14)

Note that in Eq. (13) the structure of the system
matrices C and sB is identical if s/c is regarded as a
uniform absorption coefficient; i.e., sB = C(s/c).11
Physically the application of a Laplace transform to
the temporal signal profile is therefore equivalent to
a uniform absorption increase by j, = s/c.

B. Jacobian and Photon Measurement Density Functions

Consider S source positions {; € 9Q, (i =1...S) and
N measurement positions §, €9}, (j=1...N). Let
M={M},i=1...5- N be the set of boundary
measurements from all combinations of { and &, and
let p = {p;}, (j = 1...P)be the vector of absorption
or scattering parameters, discretized on the FEM
mesh. Image reconstruction algorithms based on
multidimensional error minimization algorithms
generally require the computation of the Jacobian
matrix

Jlpl={Jlpl} = {0M;/dp;}. (15)

A straightforward way to obtain J is by explicitly
perturbing each element in succession by a suffi-
ciently small amount and then calculating the mea-
surement perturbation with the forward model.
However, this is computationally inefficient as it re-
quires a separate forward calculation for each source
and each of the P elements.

Previously we described a reciprocity principle to
obtain expressions for J for a variety of measurement
types that can be computed efficiently by the FEM
model.2425 In direct analogy with the expressions
for the Jacobian in the Fourier domain given in Refs.
24 and 25 we can form the pointwise continuous Ja-
cobian J(r) (italics are used to distinguish from the
discrete Jacobian matrix) for the unnormalized
Laplace transform, for both absorption perturbations
a and diffusion perturbations v:

JLL[S])(Ej’ Ci’ S, r) = E

k,l|Np,Ni€(r)

L[®y, 5]

X LIDYY 1, s]ur(r)uy(r), (16)
JiL[S])(gj’ ciy S, r) = E L[(Dg)7 S]

RIINLNE(r)

X LIDYY 1, s1Vuy(r) - V(x),  (17)

where ®? and (I)X?ij are the nodal forward solutions
calculated for direct source i at {; and adjoint source
Jatg;. u;isthelinear basis function associated with



node i. 7(r) is the element containing r, and the
summations are performed over the nodes of 1(r). A
detailed discussion of the determination of the ad-
joint source vector required to calculate ®,g4; is given
in Ref. 25.

To obtain the Jacobian matrix for the element ba-
sis, we must integrate J over each element 7;:

J((f[s]) - {J-l('JI':(ES])(gl, Cka S, Tj)} = {J. CISxL[S])(gla Ck’ S, r)dr} ’

7

(18)

I = (JHD (g, ¢, 5, 7,)} = U JHNE, G, s, r)dr] :

(19)

Index i denotes the absolute measurement number.
The Jacobian for the normalized Laplace transform L
= L/E is given by the quotient rule:

J(L[S]) J(E) I [S] J(L[SJ)

(Lls) _ _7 (log E)

J, z 7 I L[s]J, 2", (20)
_ J(L[S]) J(E) I [S] J(L[SJ) B

@Lispy _ v v _% (log B)

Jy z 7 z L[s]J,®®. (21)

It is instructive to look at individual rows of J
because these provide a spatial map of the sensitivity
of a particular measurement to a parameter pertur-
bation. We denote these maps as photon measure-
ment density functions (PMDF). Examples of
PMDF for Laplace data are given in Section 4.

4. Results and Discussion

A. Forward Data

To validate the direct method for calculating the
Laplace transform with FEM, we compare data ob-
tained by the direct method with data from explicit
sampling in time with a finite-difference method.
For the latter, 1000 time steps at an interval of 5 ps
were used. Figure 2 (top) shows L[s](6) on the
boundary of a homogeneous circle obtained by two-
dimensional forward calculation (radius 25 mm, p., =
0.025 mm !, p,/ = 2 mm '), where 6 is the angle
between the source and measurement sites, mea-
sured at the center of the circle. The FEM mesh
consisted of 3691 nodes and 7200 elements. On a
Sun SPARC 20 workstation the computation time for
the direct method was 11 s, while the finite difference
sampling required 435 s. This clearly demonstrates
the advantage of the direct method. The perfor-
mance gain is consistent with the timings reported
for the calculation of the first moment in Ref. 14
although the absolute times are lower here as a result
of the use of a faster computer. Figure 2 (middle)
shows L for the same cases, and Fig. 2 (bottom) shows
the relative error between directly and explicitly gen-
erated data for both cases. The agreement is best
for small values of s, but even at s = 0.01 ps™ ! the
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Fig. 2. Comparison of Laplace transforms on the boundary of a
homogeneous circle obtained by the direct method and by explicit
finite-difference time sampling. Values are plotted as function of
angular source—detector spacing: (top) Unnormalized, (middle)
normalized, (bottom) relative errors for both cases.

relative error is less than 0.2%. If required, we can
improve the accuracy at high values of s by increasing
the FEM mesh resolution.

B. Photon Measurement Density Functions

The calculation of PMDF, apart from their use in
forming the Jacobian, is instructive in its own right
by allowing one to visualize the regions of sensitivity
of a measurement that directly affect the obtainable
image resolution. In the following PMDF calcula-
tions we use the same homogeneous circular object as
in Section 4.A. Source and detector are placed on
opposite sides. Figure 3 compares absorption
PMDF for the normalized Laplace transform (J0)
for different values of s on a linear scale. Note that
it was necessary to scale all plots individually be-
cause of the large dynamic variation between PMDF
of different s. From top to bottom, s = 0.001, 0.01,
0.1 ps_ . Figure 4 shows J%*) for the same cases.
Because of the strong maxima of J, close to the source

1 December 1997 / Vol. 36, No. 34 / APPLIED OPTICS 9045



Fig. 3. Absorption PMDF JZ) for s = 0.001 ps~* (top), 0.01 ps~*
(middle), and 0.1 ps~! (bottom). Object is homogeneous circle
(radius 25 mm) with p, = 0.025 mm*and p,/ = 2mm~'. Images

are scaled individually.

and the detector positions these PMDF are displayed
on a logarithmic scale.

For J_ we find that by increasing the value of s the
PMDF can be tightened to some degree around the
direct line of sight between source and detector.
This is expected as the exponential weighting of the
TPSF suppresses predominantly the late-arriving
photons that have deviated furthest from the straight
path between source and detector. To quantify this
effect, the normalized cross sections of the images in
Fig. 3 along the vertical radial are plotted in Fig. 5
(top), together with the FWHM of the cross sections
(bottom). Note the characteristic shape of the
PMDF, which is positive overall but has a local min-
imum along the central axis between source and de-
tector. A similar behavior has been observed for the

9046 APPLIED OPTICS / Vol. 36, No. 34 / 1 December 1997

Fig. 4. Diffusion PMDF JZD for the same values of s as in Fig.
3. Images are logarithmic and scaled individually.

PMDF of temporal moments.2> Qualitatively this
feature of J, may be explained as follows: An ab-
sorption perturbation far away from the direct line of
sight from source to detector affects predominantly
multiply scattered, late-arriving photons, i.e., the tail
of the temporal signal profile. This reduces the de-
nominator of Eq. (7) but has little effect on the nu-
merator, thereby producing the positive lobes of the
PMDF. As the perturbation moves toward the axis,
it starts to affect the earlier part of the temporal
profile and thus reduces the numerator of Eq. (7),
causing the observed local minimum.

For J, we find that the PMDF cross sections are
narrower than for the absorption case (Fig. 6), which
would suggest that a higher resolution can be
achieved in reconstructions of k than in those of p.,.
However, Fig. 4 shows that J, exhibits strong max-
ima close to the surface below the source and detector
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(top) Normalized cross sections of images in Fig. 3 along
(bottom) FWHM as a function of s.

positions, while the sensitivity in the central region is
strongly reduced compared with J,. This difference
in the behavior of absorption and scattering PMDF
has been observed previously for other measurement
types.2> Itindicates that, despite the narrower cross
sections, the resolution of k images in the interior of
large objects will be much lower than the resolution of
L, images.

C. Test Reconstruction

It has been known for several years that the simul-
taneous reconstruction of absorption and scattering
images requires the use of multiple measurement
types to disambiguate the two maps.26:27 To demon-
strate the benefit of including the Laplace transform
in the simultaneous reconstruction of absorption and
scattering maps, we present images reconstructed
from simulated data by using different combinations
of data types. The object is a circle with a radius of
25 mm with homogeneous background [, (k) = 0.025
mm ', p,/(k) = 2 mm '] and three embedded per-
turbations, 1, 2, and 3, with parameters p,[1] =
2ug[h], 1 [1] = W[, mal2] = polh], p,'[2] = 2p,/[R],
Ro[3] = 2u,[n], ws'[8] = 2p'[2]. The FEM mesh
contained 1441 nodes and 2700 triangular elements.
Data were generated for all 256 combinations of 16
source and 16 measurement positions, equally spaced
along the boundary. We added noise to the data by
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S, 8- .
=z
=
s 7+ 1
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5 | | | | ! !
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Fig. 6. (top) Normalized cross sections of images in Fig. 4 for the

scatter case. (bottom) FWHM as a function of s.

assuming that 10° photons were collected at each
measurement position and by using a model of pho-
ton statistics described previously.2® Figure 7(a)
shows the targets for the absorption (left) and the
scattering images (right). Figures 7(b), 7(c), and
7(d) are reconstructions from (¢), from (t) and (t), and
from {¢) and L[0.01], respectively. The gray-scale
range for the wn, and p,’ reconstructions is shown at
the bottom. Reconstructions were carried out by a
standard iterative scheme reported previous-
ly.11.15.2425 A public-domain version of the recon-
struction software is available on the internet.2® It
can be seen that the combination of temporal moment
and Laplace transforms achieves the best result of
the investigated cases, in particular with respect to
the absorption image.

5. Conclusion

We present the mathematical framework to imple-
ment the normalized Laplace transform as a mea-
surement type in time-resolved optical tomography.
This includes both a computationally efficient for-
ward model for direct calculation of data without the
need for explicit time sampling and an efficient
method for generating the Jacobian by use of the
reciprocity principle. Use of the Laplace transform
has a twofold advantage: Physically, it is related to
time-gating techniques, which aim to increase image
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Fig. 7. Simultaneous reconstruction of p, and p,’ of a test object
with embedded absorbing and scattering inhomogeneities: (a)
target, (b) reconstruction from (¢) only, (c) reconstructions from (¢)
and (%), and (d) reconstructions from (¢) and L(s = 0.01); (left) p,,
(right) p.,’.

resolution with the use of only early light in the im-
aging process. This can be readily seen in our find-
ing that the width of the PMDF decreases when the
Laplace parameter s is increased. In practice, the
choice of s will be limited by the decrease in signal-
to-noise ratio resulting from the poor statistics of the
early part of the temporal response signal.

From a purely theoretical point of view the Laplace
transform offers a measurement type complementary
to the temporal moments. The choices of measure-
ment types for time-of-flight systems have so far been
multiple temporal moments or a moment and the
time-integrated exitance. However, multiple mo-
ments are strongly correlated,® and the use of inten-
sity data should be avoided where possible as it

9048 APPLIED OPTICS / Vol. 36, No. 34 / 1 December 1997

requires calibration and scaling procedures, such as
the calibration against a homogeneous sample, which
are often not available in real-life applications.

This work was made possible by funding from Ac-
tion Research.
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