The finite-element method for the propagation of light in scattering media:
Frequency domain case
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A frequency domain light transport model to simulate the transillumination of a scattering object
with radio frequency intensity modulated light is presented. The model is based on the diffusion
approximation to the radiative transfer equation and uses a finite-element model to allow for
complex geometries and an inhomogeneous distribution of absorption and scattering. It calculates
the complex photon density within the object and the complex exitance on the boundary of the
object. The model is validated against an analytic Green’s function model for a circular geometry
in the homogeneous case, and its accuracy is investigated for a range of mesh resolutions, optical
parameters, and modulation frequencies. 1897 American Association of Physicists in Medicine.
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[. INTRODUCTION the optical properties inside the body, and given positions of
the source and measurement positions. This is particularly

In recent years the transillumination of tissue with light in . . . ) .
. . : |Hmportant for highly inhomogeneous tissues like the head
the optical and near-infrared wavelength range has receive

widespread attention. Transillumination systems in genera\fvhere the light distribution is strongly distortédn image

work by irradiating a point on the surface of the body, andreconstructlgn algorithms Wh'Ch. employ an iterative ap-
. : proach the light transport model is used as a forward model
measuring the boundary fluenéexitance at other surface

points. They can be divided into three different categories:for generating datg from the image at gach lteration step.
We have previously presented a light transport model

f:r?ggl{{?muz_\r’éi\éfvzzséegsnﬁrfg??Z;!Sgnthteh:t?etgnzgl z)i(B_ased on the diffusion approximation to the transport equa-
Lo €a sy 9 emp Yon for calculating either the full temporal profile of the
tribution of the exitance caused by an ultrashort input pulse xitance® or directly the integrated exitance, mean time of

and frequency systems which use an intensity modulateg. . -
. . ight, and higher momentsOur approach uses the finite-
source and measure the phase shift and modulation depth o .

element methodFEM) to allow the modeling of complex

the detected signal. . . S .
It can be shown that the information content of measure_geometnes and inhomogeneous distribution of absorption
and scattering coefficients.

ments in the frequency domain, sampled at all wavelengths, In this paper we extend this model to handle frequency-

IS equwglent to that of temporal data, sampled at all times. omain problems. We derive the complex FEM formulation
In practice, frequency systems are easier and cheaper [0 : e
. . ) ._from the Fourier transform of the temporal diffusion equa-
manufacture than time-domain systems which need sophistj: . o . .
) . ion, discuss specific problems of the implementation, and
cated ultrashort pulse lasers and highly time-resolve

. validate the model against results from an analytic Green’s
detectors. It is therefore expected that frequency SyStem%unction model for a variety of parameters

will become the method of choice in commercial transillu-
mination devices. Various prototypes have been built to date

for sp.ectrc.)s_coplc. and4|mag|ng applications and are currentIYI_ DIEEUSION MODEL

used in clinical trials”

In general it will be sufficient to take measurements at a The light transport model considered in this paper is the
single or a few wavelengths. In the time domain this corre-diffusion approximation to the radiative transfer equation.
sponds to compressing the data set by extracting certaifhe validity of this approach has been shown in numerous
characteristic statistical properties such as the integrated ipaper$-2Cif the prerequisites for the assumption of diffuse
tensity, mean time of flight, and higher moments from thelight transport are met. The diffusion approximation is valid
temporal profile. for scatter-dominated light propagation, away from sources

For both imaging and spectroscopic applications theand boundaries. Despite the latter condition, we and various
availability of an accurate, fast, and versatile light transporiother authors have shown that the diffusion approximation
model is essential. For spectroscopy, such a model can t@lows quantitative predictions of boundary measure-
used to predict the probed region for a given distribution ofments®':1?2For a more detailed discussion of the derivation
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of the diffusion model and its range of validity we refer the and themodulation amplitude &’ of the measurement sig-
reader to the previous two papers in this setits. nal,
The diffusion equation in the temporal domain for the

(r) = (a0 —|r@9
photon density®(r,t) at a pointr e Q inside a scattering AT(£,w)=modT#4(£,w) =|T#4(£,0)]. ©)
domain(}, bounded by}, is given by For convenience we normaliz&to obtain themodulation
Lob(r) o1 depth
E ot - 'K(r) (r!t)+/1'a(r) (r,t)—%(r:t), m(g )_A<F)(§,w) (10)
(D) TN

where u, and ug are the absorption and scattering coeffi-  The boundary conditions used in this paper are based on
cients, x(r) ={3[xa(r) + ue(r)1} ~tis the diffusion coeffi-  an extrapolated boundary method which has been described
cient, ug=(1—f)us is the reduced scattering coefficiefit, in detail for the time-domain case in part 2 of this sefies.

is the anisotropy factor of the single scattering angle distri-This works by applying a Dirichlet conditiorﬁ)(f,w)
bution, c=c,/n is the speed of light in the medium with —g v ¢ 9Q’, wheredQ'is a virtual boundary at a dis-
refractive indexn, andq is an isotropic source distribution. tanced.,,, beyonddQ. In the case of a refractive index mis-

The measured quantity is the photon current through thenatch, an expression faly, is given by Moultont®
boundary(exitance I'(£€) at some poin€e ). The relation

betweend andI is given by Fick’s law, Ao | K tanh (2R \rpy), (11)
L(£1)=—cx(HVP(£1), ) Ha

where 'V, is the derivative in the direction of the outward vyhereR Isa term incorporating mtgrngl reflect'lons at the
tissue—air interface due to a refractive-index mismatch.

normal to the boundary &t L T -
In this paper we assume the input source to be a Colli:[rﬁfractlvtehlnéjetx 02_1'4 proldu?e;R—2.;4.t\)/_Vethavebshovx(/jn
mated pencil beam incident &k 7). The standard way to 'S method 1o be equivalent 1o a Robin-lype boundary

simulate this situation in a diffusion model is to represent thecond't'on’ which in the frequency domain is given by

source by a diffuse point source at a paigbne mean scat- <i>(§,w)—2;<(§) Rv(i)(g,w)zo V €. (12)
tering length beneath,**
ao(r,t)=8(r—rg)Q(t), (3)  lll. FINITE ELEMENT CALCULATIONS
whereQ(t) is the source strength. To discretize Eq(6) we use a Galerkin approach which
In the frequency domain the input sigr@lis modulated for the time-domain probleniEq. (1)] has been described
with a frequencyf = w/27, previously® This proceeds by dividing the domatd into a

B S ot mesh ofD triangular elements, joined & nodes, and defin-
Q(w)=Qo+A®e", “ ing a piecewise linear approximatish to ® in terms of a
whereQ, is the average intensity ar& is the modulation  set of linear basis functiong;, j=1,...,P with limited sup-
amplitude of the source. At a measurement §iiee detected port. The discrete formulation of E¢6) can be written as
currentI is then given by

. S | [K(x)+Clpa) +iwc 'B]P(w)=Q(w), (13
- (T i[wt+ (&) R .

F(g'w)fFO(gHA (&)e ' © where the complex vectod® andQ represent the nodal so-
To obtainI” we use the Fourier transform of E(.), lution and source values, respectively, aadC, Be RP*P

1. A A are system matricés.

“iod®(r,w)=V-k(r)VO(r,w)+ ua(r)P(r,w) Boundary conditions are imposed by adding an additional

¢ layer of elements around the mesh, whose thickness is given

=Qo(r, ), 6 by Eq.(11), and forcing the solution at the nodes of the

- extrapolated boundary to zero.
where® is the complex photon density. The dc component The complex matrix equation13) is of the form
of Eq. (5), I'g, is obtained by finding the steady-state photonz (,)d(w)=Q,(w), Z e CP*P, d,QeCP. We convert this
density @, from Eq. (6) with »=0, and inserting this into  jnto the equivalent reak2P*2P problem of the form
Eq. (2). The ac component,@9=AMel(@t*¢) js gbtained

by solving Eq.(6) for a givenw and applying Fick's law in ReZ —ImZ Re(i’ . RE(:Q (14)
frequency domain, mZ ReZ |\Im®/ |ImQ/

T®(£,0) = — ck(§)V,D(£,0). (7)  Once Eq.(14) has been solved by the method described be-
The quantities measured in an experiment will be theOW the complex exitanc€(¢, ) at a pointé e () can be
phase shiftp between source and measurement signal, calculated with Eq(7), and subsequently the measurement
6oz o) quantitiesm(¢,w) and ¢(¢,w).

_,Im & We have mentioned previou§iyhat the FEM discretiza-
_ (a9 _ 1 p
(&) =argT™ (¢, 0)=tan ReT@(& w)’ ® tion of the lossy diffusion equation requires a high mesh
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resolution to guarantee sufficient accuracy, leading typicallyfAsLE I. FEM meshes used for the calculation of discretization errors.
to a number of nodes of the ordeP~10" for two-

dimensional (2D) problems andP~10°-1C° for three- Mesh hia No. elements No. nodes
dimensional(3D) problems. This makes the use of sparse CIRC08 0.140 595 324
matrix techniques imperative. First, memory requirements C/RC16 0.079 1931 1015

: - CIRC32 0.042 6912 3553
can be halved by storing only one copy of both Rend CIRC64 0.021 26116 13 251

Im Z, and adding some additional bookkeeping during the
solution of Eq.(14). Both ReZ and ImZ are sparse, with
nonzero element&;; only for such nodes andj which ) _
share a common element. With the geometry employed, forapolated circlea’=a+dey. From Eq.(15) the exitance

2D problems the number of nonzero elements per row i§an be derived by applying Eq7). This model uses the
typically about 7, for 3D problems about 21. Exploiting this Same extrapolated boundary condition and source specifica-
property with a sparse matrix representation reduces the sy§'_on as the discrete model, so the results can be compared
tem matrix memory size by a factor of order’tac*. This  directly.

is a significantly higher compression than the band matrix

representation we use for the time-domain model. V. RESULTS AND DISCUSSION

The sparse matrix scheme can in principle also be used in |, this section we investigate the stability of the FEM

the time domain when memory efficiency is of importance. o 4e| for a range of parameters, by comparing the results for
However, this agg_rayates the use of the fast Cholesky matriy, boundary measurementsand m with those obtained
solver, due to fill-in in the reduction step. In the freqUENCYgom the analytic model. Simulations are performed on a
case this is not relevant as the nonsymmetry of the matriX;rcje with radiusa= 25 mm, and we express the accuracy of
prevents the application of the Cholesky solver. the FEM model in terms of the relative errefa) in ¢ and

Instead we use an iterative conjugate gradi€é@G) 4t the angular spacing between source and detector,
scheme. This has the advantage of accesingnly for  measured at the center of the circle,

matrix-times-vector type operations, which can be coded

very efficiently for sparse matricéé® To improve the con- €9(a) =] M(a)— ¢ (a)|I| ¢ (a)], (16)
vergence rate the diagonal #fis used as a preconditioner. ¢ 4) = |MFEM( ) — MCP( @) |/|MCP(a)|. (17)

The iteration is terminated when the norm of the residual ] )

levels out. Typically about/P iterations are required. The  1he influence of the following parameters on the accuracy
optimized CG algorithm is roughly a factor of 2—5 fasterc?f _the FEM results is mvesngated: mesh rt_esolunon., error
than the Cholesky decomposition plus forward/backwardimit of the CG solv_er, r_:lbsorptlon and scatte_rlng coefficients
substitution, but a factor of 10 slower than the forward/#a @nd us, refractive indexn, and modulation frequency
backward substitution alone. This is of importance when!-

multiple sources are considered, as will be the case in a AS default values we choosg,=0.025 mm?, g
tomographic reconstruction setup, since the Cholesky” 2:0 mm *, n=1.4, andf=200 MHz. The default mesh
scheme requires only a single decomposition for a giveﬁ:onsusts o_f 6_912 elements and 3553 n(l)des, and the default
mesh, regardless of the number of sources, while the c&G €rror limitp (see the Appendixis 10 ® Inthe follow-
solution must be repeated for each source. A short overvief?d We vary each of these parameters consecutively while

of Cholesky and CG schemes is given in the Appendix. keeping the others at their default value. In each case we
calculatee(®) and (™ and plot them both as a function of

the angular optode separation and as a function of the tested
V. ANALYTIC REFERENCE MODEL parameter at an optode spacing of 90°.
The FEM mesh structure is the same as in the time-
0(i]ependent case and has been described previdtisly.

An analytic solution of the diffusion equation in fre-
guency domain is used to calculate the discretization error
the FEM model. Exact solutions for the complex intensity inA. Discretization and matrix solution errors
the homogeneous case are available for a limited number of
simple geometrieSThe Green'’s functiodGF) G® for the
2D circle with radiusa is given by

The resolution of the mesh plays an important role for the
stability and accuracy of the FEM model. To investigate this
effect we discretize the circular domain with meshes of dif-
-t~ I(are) ferent resolution and compare the calculated boundary mea-
ek n;_w COS(n0)| (aa) surements with the analytic results. The mesh resolution is
n defined in terms oh/a, whereh is diameter of the largest
X[Ky(ar)ly(ea’)—1,(ar)K,(aa’)], element, and is the mesh radius. Four different mesh reso-
lutions are used, as listed in Table I. Figuré)lshows
(15 &@) ande™ as a function of optode separation for the four
wherel, andK,, are the modified Bessel functions of the first meshes and Fig.() showse(#)(90°) and(™(90°) as a
and second kind,rg is the source position,a(w) function of h/a, together with the computer run time, mea-
=3 (u,+ wl)(uat+ioc™t), anda’ is the radius of the ex- sured on a SPARC 20 workstation. The results show that the

Gr,rq,w,t)=
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Fic. 2. Discretization error of phase shift and modulation depth for different
conjugate gradient error limits. Note that the errors for CG limits*¥@nd
YA "
0.10 | | 550 10 ** are indistinguishable in this graph.
o |
o 90 500 .
008 |- v £(90) 7450 i
- : B. Influence of the optical parameters
® runtime - 400
+350 — The optical parameterg,, us, andn affect the bound-
0.06 [ g
o - 300 & ary measurements gf andm, and also the error of the FEM
@ . . .
% 250 E model in calculating these values. To test this we present
0.04 - Jo00 3 simulation results for a physiologically relevant range of ab-
150 sorption, scattering, and refractive index values.
0.02| 1100 Figure 3a) shows the values af andm as calculated by
50 the FEM and GF models for different absorption coefficients,
0.00 0 as a function of angular optode spacing. As expected, the
0.00 0.05 0-10 0.15 magnitude ofe decreases, whilen increases, ag., rises.
mesh resolution hva The errorel® [Fig. 3(b)] increases approximately linearly

with w,, but for all tested absorption values remains below
Fic. 1. Discretization erroe of phase shift and modulation depth for differ- 204, apart from verv small optode s acing30° where the
ent mesh resolutions; as a function of detector positiop) and as a func- » ap o y _ P ,1p (m)
tion of mesh resolution, at detector position 4Bdttom. error reaches 3% fop,=0.04 mm=. €™ is aﬁ?Ct?d by _
Mg only to a small extent, and even decreases with increasing
Ma- This is confirmed in Fig. @) which shows the errors of
¢ andm measured at an optode separation of 90° as a func-
FEM discretization error converges toward zero for hightion of u,.
mesh resolutions. The error of is generally smaller than Figure 4 shows the corresponding graphs for a variation
that of ¢ for the given parameters. In the following we use of the scattering coefficient. between 0.5 and 3 mm.
CIRC32 as the default mesh, providing a compromise beThe effect of ., on the measurements is inverse to that of
tween accuracy and run time, wite¥)<0.01 ande™ 4, with higher values leading to an increase|ef and a
<0.0015. The very small error im is probably caused by decrease of [Fig. 4(a)]. This is analogous to the time do-

the fact thaim is defined as the ratideq. (10)] which elimi-  main, where the mean time of flight increases for higher
nates systematic errors in the solution of the light transporscattering but decreases for higher absorptiofhe errors
model. €® and e™ are shown in Figs. @) and 4c).

The performance of the FEM model is further affected by Figure 5 shows the effect of a change in the refractive
the error limit set as a stopping criterion for the CG solver.indexn between 1.0 and 1.5 on the boundary measurements
Figure 2 shows the errors for CG error limitsbetween [Fig. 5a)] and on the FEM errorfFigs. 5b) and 5c)]. An
10 % and 10 For large error limits the model breaks increase inn leads to an increase ilp| and a decrease in
down, while on the other hand the results do not changen. The FEM errors are largely unaffected by a variation of
below p=10"12 For smaller error limits the error of the n.
results is dominated by the FEM discretization error. If a
higher mesh resolution is chosen to reduce the discretizatioe
error, additional CG iterations are required to arrive at the™
highest achievable accuracy. This demonstrates the necessity Finally we test the effect of a variation of the modulation
to match the CG error limit to the mesh resolution to opti-frequencyf of the input signal between 0 and 1000 MHz on
mize the quality of the results without wasting computingthe boundary measurements and the accuracy of the FEM
time. model.

Influence of modulation frequency
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FiG. 3. Boundary measurements and FEM errors for different absorptionss. 4. Boundary measurements and FEM errors for different scattering
coefficients. Measurement values as a function of optode spéoingerror coefficients. Graphs correspond to Fig. 3.

of the FEM model as a function of optode spaciogntej and as a function

of u, at 90° (bottom).

well with a Robin-type boundary condition. This also allows

Figure Ga) shows the expected relationship betwefen the inclusion of refractive-index mismatches at the tissue—air
and ¢ andm, where an increase ifileads to an increase of interface. _ _ o
|¢| and a decrease of. The errors ofp are largely indepen- ~ The frequency-domain case is governed by an elliptic par-
dent of f, while the error ofm rises significantly withf tial differential equation, whereas the time-domain problem
[Figs. 6b) and Gc)]. This suggests that for a calculation of discussed previous‘?ﬁ is parabolic. The system matrix in
modulation depth at high modulation frequencies, meshethe frequency case is not positive-definite, which prevents

with a higher resolution than CIRC32 will be required. the application of the Cholesky matrix solver. To overcome
these problems we developed an efficient sparse matrix al-

gorithm in conjunction with a biconjugate gradient solver

VI. CONCLUSION which allows the use of highly resolved FEM meshes which

We have developed a light transport model which can bémproves the numerical stability of the model and will in the
applied to the simulation of frequency-domain transillumina-future allow the solution of 3D problems. We have included
tion problems. It allows the calculation of the complex inten-a detailed discussion on the error behavior to demonstrate the
sity, phase shift, and modulation depth at any point of thempact of the choice of model parameters on the accuracy of
surface of the object. The model is based on a finite-elemerhe results, a topic of particular interest to the medical imag-
solution of the diffusion equation and can be used for irreguing community.
lar geometries and inhomogeneous distributions of the ab- The FEM model has been tested against an analytic
sorption and scattering parameters. It uses an extrapolat€reen’s function model for the 2D homogeneous circular
boundary method which has previously been shown to agregroblem. We have shown that the numerical stability of the
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Fic. 5. Boundary measurements and FEM errors for different refractiveFic. 6. Boundary measurements and FEM errors for different modulation
index values. Graphs correspond to Fig. 3. frequencies. Graphs correspond to Fig. 3.

model depends both on the mesh resolution and on the errgg(trapolateq boundary cond|t|c_[Eq. (19] has no_t t_)een re-
orted previously. On the basis of the results it is straight-

limit of the CG scheme, and also on the optical properties OE dt v th del t I biect
the simulated object and the modulation frequency. An jm- orward to apply the mogel to more complex objects, as pre-

. . . _ . _24 .
portant finding is the error behavior as a function of fre—VIOUSIy done in the time-domain ca¥*including the use

guency, which is strongly varying for modulation depth, butOf meshes derlve?t fromeRI ;magi%.ﬂ:r][therefzsted r;adegls
weakly for phase shift, suggesting that for modulation calcy<an access our sottware Tor solving both the torward problem
n time and frequency domain, and the inverse problem

lations the mesh must be carefully adjusted to the frequenc N . )
used. In addition, the variation of the error with the optical ge reconstructigrin time domain on anonymous fifp://
properties of the object has implications for the modeling Ofcs.ucl.ac.uk/toa}st
biological tissues, which can vary considerably in its absorp-
tion and scattering propertigbreast, skin, or bone tissue, ACKNOWLEDGMENT
white and grey brain matter, ¢td=or imaging applications, This work was made possible by funding from Action
this may necessitate the use of iterative remeshing algoResearch.
rithms which adapt the FEM mesh successively to the recon-
structed image.

The purpose of this paper was the rigorous evaluation o‘P‘PPENDIX: REVIEW OF CHOLESKY AND
performance and error behavior of the frequency-domair?oN‘JUGATE GRADIENT METHOD
FEM light transport model for a number of defined, simple In this section we give a brief overview of the two matrix
cases which can be compared to analytic Green'’s functiosolution techniques used in the discussed FEM model, the
solutions. The analytic treatment of circular geometry withCholesky and the CG method. These are standard techniques
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and can be found in numerous books on numerical compuinstead of Eq(A1), whereA is chosen such thaﬁ‘lA~|,

tation; see, e.g., Golub and van Lé&or Presset all’

the identity matrix. A common choice which we adopted in

The Cholesky method is a direct method applicable tahe FEM model is to setA to the diagonal ofA, A

problems of the form

Ax=b (A1)

whenA is symmetric and positive definité is decomposed
into L-LT=A,whereL is a lower triangular matrixx is
obtained by the forward and backsubstitutiog=b and
L"™x=y. The operation count for amx n problem isn®/6 for
the decomposition and?/2 for each forward and backsub-

=diag@1,---,ann)-

Each iteration step requires ndoperations plus two
matrix-vector multiplications. The total operation count de-
pends on the convergence rate and on the sparseness of the
matrix. For the application described in this paper a matrix-
vector multiplication typically requires 1@0operations. We
found that approximatelyyn iterations are required to
achieve sufficient accuracy with the preconditioning scheme

stitution. This is about a factor of 2 better than standartjescribed above.

Gaussian elimination. The algorithm is particularly useful

where multiple right-hand sidels are applied to the same

3E|ectronic-mail: martins@medphys.ucl.ac.uk

matrix A since the decomposition needs to be performed *S. R. Arridge, M. Cope, and D. T. Delpy, “Theoretical basis for the

only once. We use the Cholesky method in the temporal-

domain FEM modef.
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f(x) = 2xAx— bx (A2)
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equivalent to solving the original problepiq. (18)]. The
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