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Abstract In this paper we show how to derive the mean and variance of the transilluminated 
signal obtained in models of light propagation in tissue, based both on a stochastic Monte 
Carlo method and on a deterministic diffusion approximation. The theoretical treatment 
of the Monte Carlo model applies only to integrated intensity measurements, whereas the 
diffusion approximation gives an eStimator for the timedependent case as well. We present 
results that show the accurate prediction of Monte Carlo statistics, and propose that the 
diffusion approximation is therefore B suitable mechanism for incorporating noise into modelling 
procedures. 

1. Introduction 

In the field of near-infrared spectroscopy and imaging, ultrashort light pulses and a fast 
optical detector are used to measure the time of flight of photons in tissue. Biological 
tissue is a highly light scattering medium, and the light that is detected in such studies has 
travelled considerably further through the tissues than the direct distance between the input 
and output optodes. 

It is of geat  importance to have a reliable model that can predict the value of 
measurements for any given experimental situation. Models are either stochastic, such 
as Monte Car10 (Lux and Koblinger 1991, Wilson and Adam 1983, van der Zee and Delpy 
1987, Flock et al 1989) or random walk (Banner et al 1987) models that follow individual 
photon histories, or deterministic, based on a partid differential equation for photon density. 
Whereas the former are more directly related to the physics of the situation, the latter are 
preferable in the development of analytic methods. However stochastic models have an 
important property: they incorporate noise drectly. Noise modelling is arguably equally as 
important as signal modelling, especially if trying to use the model as the basis for an a 
posteriori parameter fitting process, such as global optical property determination (Madsen 
et al 1991), or image reconstruction (Griinbaum e$ al 1991, Arridge et al 1991, Anidge 
1993). 

In this paper we show how to derive the statistical properties of the transilluminated 
signal based first on a stochastic model (Monte Carlo) and then on a deterministic model 
(the diffusion approximation). We show that the deterministic model predicts both the 
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expectation value and variance of the stochastic model to high accuracy in the time- 
independent case, and for temporal moments. We conjecture that the deterministic model 
may also predict the fully timedependent case. 
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2. Photon transport models 

Both the Monte Carlo and the diffusion approaches may be derived from an 
integrodifferential equation description (Patterson et al 1991): the radiative "fer equation 
of atmospheric physics (Chandrasekhar 1950), or the h e a r  transport equation of neutron 
transport theory (Case and Zweifel 1967). We write this as 

= q(6, P,  t )  + f i $ ( ~ )  (f(6', 8, T ) @ ( T ,  8', t ) )  dz$' i 
which describes the change of the radiance @(T, 8, t )  at time t at position r into direction 
8 within a domain Q, bounded by a surface an. q ( ~ ,  8 ,  t )  is the source term, fin and p3 
are the absorption and scattering coefficients respectively (dimensions of inverse length), 
c is the speed of light, and f(S', 8, T) is the scattering phase function characterizing the 
intensity of a wave incident in direction 8' scattered into dxection 6. 

2.1. Monte Carlo approach 

Monte Carlo methods proceed by defining regions of S2 that have particular values of 
p,,, fis and possibly f(?, 2, T). Individual photons are run through the model, undergoing 
scattering and absorption events according to the local values of parameters, until they either 
have negligible contribution, or escape the surface aS2, thus contributing to a measurement. 
Such measurements offer great flexibility in modellig arbitrarily complex geometries and 
parameter distributions, but they are prohibitively costly in computational time-typically 
photon paths are several hundred interactions in length, and many millions of photons 
needed to be followed to obtain sufficient statistics. 

We have demonstrated (Hiroaka et al 1994) that a variety of Monte Carlo models are 
possible, all of which converge in the limit of large numbers of photons to an estimate of 
the signal with the same mean, but different variances. When using Monte Carlo models 
to estimate the signal it is advantageous to use one with minimum variance, since then the 
confidence of the estimate is increased. For example the variance reduction Monte Carlo 
(VRMC) models have good statistics, but when modelling noise we require an unbiased 
estimate of the true variance, and the VRMC would appear to produce underestimates. 
Therefore in this paper we will consider only analogue Monte Carlo (AMC) models, which 
model both scattering and absorption probabilistically, since (as the name implies) they 
are thought to be direct analogues of the real physical process. Unfortunately these AMC 
methods have the worst statistics, precisely because their variance is highest, and require 
very lengthy computation times to provide reliable estimators. 

2.2. Diffusion approximation 

Expansion of the radiative transfer equation (RTE) in spherical harmonics and retention of 
k terms results in (k + 1) coupled linear partial differential equations (Bremmer 1964, 
Lewis 1950). The If k is odd these reduce to a single (k + 1)th-order equation. 
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simplest is the PI approximation, or diffusion equation, which is defined in terms of 
the isotropic photon density Q(T,  t )  = I @ ( T ,  P, t )  dzi  and corresponding source term 

(2) 

qo(T, t)  = J ~ ( T ,  P, t)d22: 

{V . K ( T ) v  - y(T)  - a / a t ) w ,  t )  = --qO(v, t )  

K ( T )  = C/3(Po(T) + Il:(T)) 

where y ( ~ )  = ~ = ( T ) c  and K ( T )  is given by 

(3) 

where &(T) = ( 1  - f ) p S ( r )  is the reduced scattering coefficient, and f is an anisotropy 
factor (0 < 7 < 1 ) .  The values of 7 for biological tissue are typically of the order of 
0.9, indicating strongly forward-biased scattering. Use of the diffusion approximation (DA) 
is widespread, even though it is the simplest approximation to the more general RE, and 
shows significant differences from higher-order approximations such as the diffusive wave 
approximation @WA) (Kaltenbach and Kaschke 1993). Experimental and theoretical work 
has demonstrated the validity of this equation under conditions that are appropriate for the 
types of application we are considering where pa << ps (Groenhuis et al 1983). 

3. Statistical properties of Monte Carlo simulations 

3.1. Definitions 

The following assumptions are made with regard to Monte Carlo. 

(i) Monte Carlo simulations assume that photons are ballistic particles; thus wave 
phenomena such as coherence and interference effects can be ignored. 

(ii) Optical properties of the medium are defined only by (1) the absorption coefficient 
p a ( r ) ,  (2) the scattering coefficient p L r ( ~ ) ,  and (3) the angular intensity distribution of 
a single scattering (i.e. the scattering phase function) f(X, P, T ) ;  therefore other effects 
such as fluorescence are ignored. Usually it is additionally assumed that the phase 
function is independent of both T and P (the absolute direction), and is a function only 
of e = cos-l(P' . i), the relative angle of scattering. 

(iii) The energy of photons is unchanged by scattering (i.e. the scattering is elastic). 
(iv) When photons are absorbed, their energy is completely absorbed and does not 

In AMC simulations, the weight of a photon is always unity and it continues its random 
walk until (i) it is absorbed or (ii) it leaves the region of interest with no possibility of 
return. 

The probability that a photon travels distance I without scattering or absorption is 
exp(-prI) and the free pathlength (1) is calculated by 

influence the optical properties of the medium. 

I = -(l/pdIn(Rd (4) 

where pI = ps +pa is the total attenuation coefficient and RI is a random number between 
zero and unity. After the photon travels distance I it can be scattered or absorbed. The 
probability of scattering at this point is &/pt and the probability of absorption is po/pl; 
therefore another random number Rz is used to determine the interaction: 

A if Rz -= - 
else stop random walk 

then continue random walk 
kl (5) 
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For the scattered photon, the scattering direction is chosen usually by using two other random 
numbers (Rs, R4) distributed over the polar and azimuthal angles (6.4) with a probability 
density function defined by the phase function. 

The accuracy of the simulation depends on the number of simulated photons. The 
theoretical basis to calculate mean and variance of the AMC simulation can be found in the 
book by Lux and Koblinger (1991). 

3.2. Statistics of integrated intensity 

A photon history can be expressed by a vector: 

S R Arridge et al 

X(5) = K, XI I .% . . . I &I (6) 
for a photon starting at 5 ,  where each element x, is the subsequent location of the photon 
and is calculated by four random numbers as mentioned above (independent sets XI, Xz 
do not necessarily contain the same number of data elements). When an infinite number of 
histories are simulated, the result is a Green function. This can be expressed by the integral 

where U(:) is the area of the detector around the measurement position t, E(5) is the 
domain of the integral for X (i.e. every possible history starting at 5). p ( X )  is the 
probability density function (PDF) of the histories and 1 p(X(5))  a x ( < )  = 1; H(X,  6 )  is 
a function to determine the value of the result. When considering integrated intensity and 
AMC it is given by 

1 
0 otherwise. 

when photon arrives in a small region 6s around 6 

In the following we will make repeated use of the fact that H is idempotent: 

IH(X,  0 1 2  = H(X,'). (9) 
(7) indicates that the expectation value of the result for a single photon is the Green function, 
(H)(<) = G'MC)(t ,  5 ) .  The empirical mean of the simulation for N photons input, e, is 

where Xi is randomly chosen from p(X). This empirical mean is an unbiased estimator 
of G(M"(t ,  0, because its expectation value is the Green function: 

and the variance of the empirical mean for N photons input is u,$/N, where the variance 
of the result for a single photon history (0;) is 

.,$(t, 5 )  = varIfiI(S) = / IH(X,  6 )  - G(MC)(6, 5 ) W t ) I ' ~ ( x ) d X  
E(,) 
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For the simulation of intensity, invoking (9), we find 

U$ = GCMc)( t ,  ( )SS( f )  - {G'MC'(S, <)6S(5)I2. 

We may similarly consider the time-dependent behaviour as a Green function: 

where h ( X ,  t, t )  = H ( X ,  t ) W ( X ,  t )  and W ( X ,  t )  is a windowing function: 

1 
0 otherwise 

when photon arrives in a small temporal interval 6 t  around t 
W ( X ,  t )  = 

Other Monte Carlo models may also be analysed in this approach (Hiroaka et al 1994), but 
a full treatment is outside the scope of this paper. 

4. Diffusion method 

4.1. Definitions 

We solve (2)  in the domain Q, with the output flux on aQ given by 

rtt, t )  = - m ( a / a f l ) w ,  t)lang) = - ~ ( t ) A ( t )  . V W ,  t)lan(c) (17) 

where t is a point on aQ and A is the outward normal to ai2 at t. 
The isotropic source term qo(r, t )  in (2) represents the form of the input pulse as a 

function of space and time. In general, the solution for any input pulse can be derived by 
convolution of q&, t) with the Green function for (2) in the appropriate geometry. Then 
this solution can be substituted into (17) to obtain the flux intensity. We will represent 
the Green function for (2) as g(")(r ,  T' ,  t - t'), and the result of substituting this into (17) 
as gCr)(f, T',  t - t') where 6 is a point on the boundary; in the Fourier domain we use 
G(")(T, T', w),  and $-)(T, T', o) respectively; the stationary case can be considered to be 
the frequency domain case at o = 0, and we have the result (Arridge et a1 1992) 

where G'"'(T, T I )  is the Green function for the time-independent diffusion equation 

{v. K ( T ) V  - Y ( T ) } @ ( T )  = -4o(T). (19) 

The time-dependent Green function g")(t ,  T', t - t') is commonly referred to as a temporal 
point spreadfunction (TPSFJ following Delpy et a1 (1988). 

Our treatment considers (r( t )]  to be a non-stationary random process, and is based on 
a central conjecture. 

Conjecture I .  The PDF p(E, t )  for a photon launched at t at time t' to leave the object 
in a small area SS around t E ?IQ in an interval [t -+ t + st) is the Green function 
g%, 5,  t - 0. 
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This conjecture is tantamount to saying that the aposteriori frequency distribution in space 
and time is also the a priori PDF. Evidence for conjecture 1 comes from the fact that for 
a S function input the integral over ai2 and all times of g("(f, 3. t - t') is equal to the 
integral through the volume of the photon density attenuated by y :  

~ ( f ) v G ( " ( t , ~ ' ) . d S ( f ) =  - - K  T)VG(*)(T,T')~'T 
= -b LV ( 

= L[~o(T') - y[r)G(*)(~, T ' ) ] ~ ~ T .  (20) 

When absorption is zero, then the volume integral is unity, which we interpret as meaning 
that an entering photon has to leave somewhere unless it is absorbed. 

4.2. Time-dependent case 

Consider t ,  the time of arrival of a photon at f ,  to be a random variable distributed with 
probability density function p ( f ,  t ) .  Consider y o ,  t )  to be a binary function o f t  which is 
unity if a photon arrives at f at time t ,  and zero otherwise. By the central conjecture the 
probability of a photon arriving at ( f ,  t )  in a small area SS(c), in a small interval St ,  is 
given by 

a = or(t)st = g")( t ,  <, t - t')sS(f)St. (21) 

Assuming a binomial distribution, we derive the mean and the variance of these photons as 

where N is the number of input photons. This is the same result as (16) if we make the 
assumption that g"C) = g(D. 

4.3. Statistics of integrated intensity 

Consider the expectation value of y at point t: 

( Y ) ( $ )  = EIyl(e) = /" ~ ( f .  t ) p ( t ,  t ) W f ) d t  
m 

-m 
m 

g(')(f,  3, r ) W t )  d r  = G(r)(f, <)WO. (23) 
= L 

We interpret (y)(f) as the expected intensiw I(.$, <) received at .$ for one photon input into 
the system at position < and (23) implies that the solution given by the time-independent 
Green function gives precisely the mean of the statistically distributed data. This leads 
naturally to the following conjecture. 

Conjecture 2. The PDF p ( 6 )  for a photon launched at < to leave the object in a small area 
6s around f E ai2 at any time is the timeindependent Green function GCr)(f, <). 

Note that the quantity y plays the role of h in subsection 3.2. In that case the PDF was 
a function of a random variable X representing history, whilst here y is a function of the 
random variable t representing time. Beforehand we took the ensemble average to obtain a 
meaning to i, then took the expectation value. Here we take the expectation value directly. 
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,Monte Carlo. H ( t ,  X )  and W(X, t )  are functions of a vector random variable X with 
PDF P(X)  

expectation value ( H ) ( t )  = / h ( t , X ) p ( X ) d X  ( h ) ( t , t )  = / H ( t , X ) W ( X , t ) d X .  

Diffusion theory. y o ,  t )  is a function of a scalar random variable t with PDF p ( t ,  t )  

1 
samplemean YE) = - - C y ( t , t t i )  N 

expectation value ( y ) ( t )  = 1 y o ,  t ) p ( t ,  t)dt. 

In the Monte Carlo case a single sample of h represents the sampled measurement of 
integrated intensity at t for one photon input into the system, and in the diffusion case 
a single sample of y represents the same thing. In both cases, in the limit of large N, 
a + (h) and 7 -+ ( y )  are interpreted as the integrated intensity I received at t, which 
is also given by G(r); this supports our central conjecture. The difference is that in the 
diffusion case t is the random variable directly, whereas in the Monte Carlo case it is only 
derived from the length of X. Also p ( t ,  t )  is a deterministically generated PDF whereas 
p(X) is essentially the result of a Markov chain. 

var[ylQ) = E[(Y - (Y)(C))~I  = / {YO, - ( r ) ( t ) I 2 p ( t .  t )dt  

We now consider the variance of intensity detected at for a single input photon 
m 

-63 

(24) 
which is identical to (13) if we make the assumption that G(MC) = G(r). 

We are now in a position to ask from what population a sample of integrated intensity 
I is drawn. If one photon is input, the probability that it arrives at is f i  = G(')(t, <)ss 
so that as N photons are input the signal detected at $ will have mean and variance given 
by 

( I ) N ( ~ .  f) = NB (25) 
var[rlN(t, <) = NBU -8). (26) 

By the central limit theorem we can deduce that the intensity detected at 5 will be a sample 
of a random variable I distributed with Gaussian probability density p ( 1 )  of mean and 
variance given by (25) and (26). 

4.4. Statistics of mean time 

Suppose we have a Monte Carlo trial of N photons. Consider the count of photons arriving 
at position c .  In the following we will write a(t) for g ( r ) ( t ,  <, t - t')&S(.$) (as defined 
in (Zl)), and ,6 for G(r)(t, {)SS($). Let us consider that n photons are detected at 6, 
with times of arrival ( t l ,  t2,. . . , tJ. Let T = ti be the integrated time of arrival, and 
( t )  = T / n  be the mean time. Let p ( T )  be the PDF of T ,  and p ( ( t ) )  be the PDF of (t). 
Our goal is to find p ( ( t ) ) .  
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Suppose N = 1. The probability that the photon arrives in an area SS around { is j?. 
The conditionalprobability a, = Pr[TI 11 of a photon arriving in interval [t + t f a t )  given 
that it arrives in an area 6s around e is therefore a(t)at/j?. and the conditional expectation 
value of T is 

"m 

and the conditional variance is 
m 1 

u;~ = VU[TII] = - t%(t) dt - (Z)' = G(r)(t, /"rzg")(t. 5 ,  r ) d r  - (TI)'. 

(28) 

We have previously shown (Arridge and Schweiger 1995) that the moments of g(r)(t, 5. r )  
can be efficiently calculated from its Fourier transform: 

j? 1- -m 

Now consider large N of which n photons are detected at 6. The probability for this is 
represented by a binomial distribution 

( n )  = Nj? 

U," = Nj?(1- p).  
Now consider the conditionaC probability Pr[T In] of an integrated time T occurring given 
that n photons were detected. Since the arrival of photons is uncorrelated, the conditional 
joint PDF of random variables ti, fz, . . . , tn is just the product of individual probabilities 

and the conditional PDF for summed time T is given by the integral over the hyperplane 
T = ti: 

To find the unconditional PDF for T requires summation over each case 
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Figure 1. Results for a circle of radius 25 mm, = 0.025 mn-', p: = 2 m-': (U) mean 
(upper lines) and standard deviation (lower lines) of log1 derived by adding noise to the TPSF 
(statistical trialSn and directly using (U) and (26) differences are not distinguishable; (b) 
the ratio of Standard deviation dedved from ST and directly using (26). 

4.4.1. The limit of small N. If the number of received photons is small we consider the 
exact expression for p ( T )  given in (34). By transformation of PDFs p ( ( t ) )  = np(T). It is 
trivial to show that 

E[(t)l= J(t)p((t))d(f) = (Ti) (35) 

(i.e. the mean of the population of means is the signal expectation value) and similarly 

(36) 2 
U(t)l" = 4 I n  

(i.e. that the variance of the population of means is the signal variance over the sample 
size). We may then evaluate the unconditional variance 

Note that the denominator in (37) is the probability that any photons arrive. It is necessary 
to normalize by this value since if no photons anive we have no sample of ( t ) .  Since ,3 is 
very small, (37) will be dominated by the first term (n = 1) so that 

(38) 
In the case where N is large, but n is small (i.e. where NB is small) the binomial distribution 
for n is well approximated by the Poisson distribution: 

Pr[n] = [(N,5')"/n!le-NB 

U," = NB. 

uG,N W U?, (1 - NB). 

(n) = NB (39) 

In this case 

Again, we expect that the first term will dominate giving the same approximation (38). 
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F i m  1. The first four temporal moments of the calculated TPSF (solid line) and bounds of 
f one standard deviation derived *om numerical integration of (50). 

4.4.2. The limit of large N .  For large N we may invoke the central limit theorem for the 
binomial distribution of n given in (31): 

pr[n1* [~IJZZNBB(I - B)]  exp[-i(n - N B Y / N B ( ~  - B)I (41) 

so that we may approximate the binomial in (37) (or the Poisson in (40)) by a normal 
distribution: 

We may obtain an approximation by replacing the sum-by an integral and using standard 
numerical integration methods: 

A s  a further simplification we note that 

lim 1 -exp[-Z7] l.(x - b)2 = s ( x - b )  
&a 
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is a standard form for a 6 function. Thus we can approximate (43) by 

so that the final result for the variance is approximated by 

= 4 J N B .  (46) 
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Figure 4. As figure 3 for IO8 photons input. In (c) the simple approximation is givm by (38) 
if N,9 c 1 (i.e. large angles) and by (46) if N,9 > 1 (i.e. small angles), with a cmssover region 
where the approximation does not hold. 

For this we note (i) that the standard deviation scales by l/N'/* as expected and (ii) the 
variance of the mean time is given by the ratio of the conditional variance of a single 
received photon, divided by the mean received intensity. Note the very different forms of 
these limiting expressions-(38) and (46). 
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4.5. Statistics of higher moments 

1551 

We can repeat the above argument identically for the calculation of the variance of higher 
moments (t'), ( t 3 )  etc. All that is required is a method of determining the conditional 
means and variances: 

N 
k (Tf) = E[T  111 = tko(t)dt 

B 

Using the same notation as (29) we can write 

We will get as above 

5. Results 

5. I. Diffusion-modelled noise 

The diffusion equation was solved numerically using a finite-element method (FEM) 
described by Arridge et a1 (1993). The FEM program was run to produce TPSF data 
at all boundary elements of a circle of radius 25 mm, pa = 0.025 mm-', p: = 2 mm-'. 
The number of time samples was 800, with a time step At of 5 ps. For each angle, we 
generated a noisy TPSF in the following way. 

for each angular position &,, [ 
1 

repeat Ntrials times [ 

for each time step tt 
1. generate arandom number r drawn from a binomial distribution B(a, N), 
where a = r(Cm, t i)SSAt,  and N is the number of photons. 
2. P ( i )  = r(Cm, t i)  + r 

1 
Form sample statistics [I&m), ( i ) k ( C m ) ,  ( t 2 ) k ( t m ) .  . .] from r'(i), where k is 
the number of the trial 

I 
1 
Form mean and standard deviation estimates of each statistic from the Ntrials samples 

In the following results Ntrials = 10000 and SS was assumed to be unity. In figure l(a) 
we show the mean and standard deviation of log I ,  on a log scale, for N = 10" photons, 
calculated with this simulation and with the prediction of (25) and (26). To highlight any 
differences, we show also the ratio of the standard deviations in figure l(b). Apart from 
the zero-angle point (i.e. where the source is) the two methods give almost identically the 
same result. 
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Figure 5. The standard deviation, estimated from trials (ST-solid line), and predicted by 
numerical integrarion (NI-dashed line) of (47) for 10l2 photons input: (a) sewnd moment; 
(b) third moment; (c) fourth moment. 

In figure 2 we show the values of the temporal moment statistics with their standard 
deviations, as calculated from numerical integration of (50). In figure 3(a) we compare 
this estimate of standard deviation with the statistical trial. In figure 3(b) we show the 
ratio of these for the first moment (mean time) where again the agreement is excellent. In 
figure 3(c) we show the ratio of the two predictors (numerical integration of (43)kimple 
approximation by (46)). The result is better than 1% for this number of photons. 
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Figure 6. As figure 5 for IO8 photons input. 

In figure 4 we show the same results as figure 3 for lo8 input photons. In this case 
the simple approximation is given by (38) if N p  < 1 and by (46) if N p  > 1. There is a 
crossover region where neither approximation applies. 

In figure 5 we show the standard deviation of the second, third and fourth moments ,for 
10" photons. All are predicted with high accuracy. In figure 6 we show the same results 
for lo8 photons. 
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Fi- 7. log1 and log standard deviation of I ,  from AMC (solid), statistical trial (dashed) 
and predicted by (26) (dotted), for IO8 photons in an infinite homogeneous cylinder of radius 
15 mm, we = 0.025 mm-', fi; = 2 mm-', with isotropic phase function. 

5.2. Comparison with Monte 'Carlo 

The AMC algorithm described in section 3 was run for an infinite homogeneous cylinder of 
radius 15 mm, pa = 0.025 mm-', p: = 2 mm-', with isotropic phase function. 10' photons 
were simulated and binned into 4" intervals around the perimeter, with infinite bin length in 
the z direction giving 6s = rAQ = a/3. Figure 7 shows the predicted standard deviation 
of intensity from (26) and the Monte Carlo estimated sample standard deviation on a log 
scale. Also shown in this fi-gre is the result of a statistical trial of the form described in 
subsection 5.1. The agreement is excellent, although the prediction is slightly underreadmg 
the sample. 

Figure 8(a) shows the predicted standard deviation for ( t ) ,  with the estimator derived 
from (43), from the AMC and from the statistical trial. Again the agreement is excellent, 
although in this case the prediction appears slightly to overestimate the sample. Note that 
in the Monte Carlo case, the estimate of standard deviation is derived from just one sample, 
because at each angle only one estimate of ( t )  and (t') is available. We would expect such 
an estimator to be quite a poor one, especially in regions where the number of detected 
photons is low-for example at the 180" position, only 15 photons were collected. By 
contrast the statistical trial is derived from 10000 sample estimates and is much closer to 
the theoretical value, as can be seen clearly in figure 8(a). Although the Monte Carlo's 
self-estimate of U<*) is poor, and may be biased, we believe the theoretical estimate to be 
correct and unbiased, as demonstrated in figure S(b) wherein the ( t )  values are seen to be 
distributed about the theoretical value and well within the bounds of f3u0). 
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Figure 8. (a) The standard deviation of (t)  from AMC (solid) statistical trial (dashed) and 
calculated by numerical integration of (43) (dotted), for lo8 photons; (b) ( t )  from AMC (solid) 
and direct computation by FEM (dashed) with bounds of * three standard deviations (dotted) 
as predicted by (43), for lo8 photons. 

5.3. fitenswn to experimental conditions 

In an actual experiment, it is not usual to use exactly the same collection times at each 
measurement site. In fact, for.positions close to the source it is usual to attenuate the 
intensity in order not to overload the detection device. In these circumstances it is not 
appropriate to use the expected number of photons N p .  However we can recognize that 
N p  is just the mean number of received photons, and if large enough, is a good predictor 
of the expected value. Thus the formulae in (43) and (50) can still be used, provided that 
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Fiyre 9. The prediction of the stvdard deviation of ( t )  for the circle of radius 25 mm, 
p .  = 0.025 mm-', fi; = 2 mm-l, assuming that IO4 photons are collected at each detector. 

the limits of integration are sufficiently large. Since in this case the photons are assumed 
to arrive with Poisson statistics, we simply use the mean as an estimator of the variance. 
Figure 9 shows the prediction of standard deviation of ( t )  for the same model as used 
in figure 3, but with the assumption of lo4 photons detected at each measurement. The 
corresponding standard errorof I would be 1%. 

6. Conclusions 

We have derived a method to predict the mean and variance of statistical measures derived 
from the temporal distribution of photon time of flight in tissue, by using a finiteelement 
implementation of the diffusion approximation. We have concentrated on demonstrating 
the agreement with an AMC model. Although we demonstrated results using a simple 
geometry and homogeneous conditions, nothing in our theory was limited to such cases. 
We thus postulate that we may derive standard deviations of any measure for any geometry 
and distribution of optical parameters. 

It is possible to extend the theory described here to other Monte Carlo algorithms 
although the extension to inhomogeneous conditions is much more complex. Since this is a 
large topic it will be the subject of a subsequent paper. However the main significance of our 
theory is to produce a predictor of noise in experiments, which is justified by the argument 
that AMC is the best description of the real physical process of light propagation. Thus 
we are now able to more realistically simulate experimental data, including noise, a factor 
of particular importance in testing parameter fitting algorithms and image reconstruction 
techniques. 
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Appendix A. Alternative calculation of var[(t)] 

This appendix provides an alternative method for deriving the limiting form of var[(t)] for 
large numbers of photons. For large enough N we can assume that sufficient photons n 
anive that the central limit theorem applies so that T is drawn from a Gaussian distribution 
of mean (T.) = n(T l )  and variance a:, = nu;, 

p(Tln) = I/  Zznu;, exp[-$(T -n(~l))’/nu;,]. (AI) ( 7) 
To find the total PDF p ( T )  we sum over all possible numbers of detected photons: 

To find p ( ( t ) )  we simply note that Pr((t)In) = Pr(T = n( t ) , n ) ,  i.e. that the conditional 
probability of the mean time being ( t )  given that n photons were detected is exactly the 
conditional probability of the integrated time being n( t ) .  We may therefore put 

To obtain an analytic expression we substitute (41) into (A3) and make two further 
assumptions: (i) that the summation may be replaced by an integral, and (ii) that the 
limits of the integral are [--CO -+ CO]. Both of these are certainly reasonable if we have 
assumed the central limit theorem, since N will be sufficiently large that the probability of 
n = 1, or n = N ,  is negligible. We now have the following: 

Rearranging 

We want to find the variance of ( t )  given by E[(t)’] - (E[ ( t ) ] ) ’ .  We can see by inspection 
that p ( ( t ) )  is symmetric around ( E )  so that E [ ( t ) ]  = (TI). To evaluate the variance, we 
can substitute z = ( t )  - ( T I )  to give 
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By changing the order of integration we obtain 

which is the same as given by (43), apart from the extreme ends of the integral, which we 
assume are negligible. 
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